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Introduction 


Introduction 


As you know, every positive real number has two square roots, one positive 
and one negative. For example, the positive real number 9 has square 
roots 3 and —3. Another way to express this fact is to say that the 
equation 


12-9 


has solutions 3 and —3. Suppose now that you want to find a square root 
of a negative number, such as —1. That is, you want to solve the equation 


r? = —1. 


You may believe that this equation has no solutions; after all, the square of 
any real number is positive or zero. In this unit you'll learn about a system 
of numbers, known as the complex numbers, in which —1 and all other 
negative numbers have square roots. 


'The complex numbers are created by first introducing a new number, 
written as i, with the property that i? — —1 (so i is a square root of —1). 
It may seem like cheating to simply define 7 in this way, but you'll see that 
the resulting new system of numbers is incredibly powerful and useful. The 
other complex numbers are created by multiplying i by any real number, 
and then adding any real number. For example, the following are complex 
numbers: 


344i, —v2--99i and 0.7— mi. 


Each real number can also be considered to be a complex number 
(3 is 3+ 0i, for example). The number i is a solution of the equation 


x? = —1, and there's a second solution of this equation, namely —i. 


The first publication to include a reference to complex numbers was 
the book Ars Magna (1545) by Gerolamo Cardano (1501-1576). The 
possibility of using complex numbers first emerged when Italian 
mathematicians were developing methods for solving cubic equations, 
such as x? + z? + 6x +3 = 0. Both Scipione del Ferro (1465-1526) 
and Niccolò Fontana Tartaglia (1499/1500-1557) independently 
discovered how to solve any cubic equation, using methods that 
sometimes involve complex numbers. Tartaglia revealed his method in 
secret to Cardano, who later published it in his Ars Magna. This 
angered Tartaglia, who insulted Cardano for revealing the method. 
Cardano, in his defence, claimed to have also seen del Ferro’s method, 
which was unpublished, and so he no longer felt obliged to keep the 
method of solving cubic equations secret. 


Niccolo Fontana Tartaglia 


At first, complex numbers may seem abstract, because they don’t obviously 
represent physical quantities in the way that real numbers do. However, 
they're of fundamental importance in mathematics — as you'll begin to see 
in this unit — and they're an essential tool in many scientific disciplines, 
such as electromagnetism, fluid dynamics and quantum mechanics. 
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Figure 1 A transistor 


Figure 3 A fractal in the 
complex plane 
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Quantum mechanics, for instance, is about the motion of very small 
objects, such as atoms. The foundational equations of the subject involve 
complex numbers. 


Discoveries in quantum mechanics led to the development of the modern 
transistor, midway through the last century. Transistors (one is shown in 
Figure 1) are devices used to control current in circuits, and are an 
essential part of electronic systems, such as those found in cars, computers 
and portable media players. 


It's instructive to think of complex numbers geometrically, using the 
complex plane, which is a plane such as that shown in Figure 2. Each 
complex number is represented by a point on the plane. For instance, the 
complex number 2 4- 3i is represented by the point with coordinates (2, 3). 
You'll learn more about the complex plane in Section 2. 


eet 3 


Figure 2 The complex plane 


In higher-level modules involving complex numbers you can find out how 
some simple formulas involving complex numbers give rise to fractals in 

the complex plane, which are intricate shapes with repetitive structures, 

such as that shown in Figure 3. 


Not only do complex numbers have fascinating geometric properties that 
give rise to beautiful fractals, but the system of complex numbers also has 
some useful algebraic properties that the system of real numbers lacks. For 
instance, you saw in Unit 2 that, if you're working only with the real 
numbers, then some quadratic equations have no solutions. An example is 
the equation z? — 4x + 5 = 0: if you write this equation as (x — 2)? +1 = 0, 
then you can see that for every real number zx the left-hand side is greater 
than or equal to 1, and hence the equation has no solutions that are real 
numbers. You'll see in Section 3 that if you're allowed to use complex 
numbers, then every quadratic equation has at least one solution. In fact, 
you'll meet an even stronger result: if you're allowed to use complex 
numbers, then every polynomial equation has at least one solution. A 
polynomial equation is an equation of the form ‘polynomial expression = 0’ 
(where the polynomial expression has degree at least 1), such as 


5139--8—0 or a’ — 132? + 32^ — 2 — 0. 


1 Arithmetic with complex numbers 


In Section 4 you'll be shown Euler’s formula, 

e'? = cos 0 + isin 6. 
'This is a hugely important equation that relates the exponential function 
to the trigonometric functions. Euler's formula allows you to write 
complex numbers in a helpful manner, called exponential form, which is 
widely used in mathematics, engineering and other scientific subjects. 


Some of the blue boxes in this unit give you a taste of some of the ways in 
which complex numbers are used in higher-level mathematics. Remember 

that these boxes are only for your interest; you won't be assessed on their 

contents. 


1 Arithmetic with complex numbers 


In this section you'll learn the details of what complex numbers are, and 
how you can add, subtract, multiply and divide them. You'll also learn 
about another arithmetic operation, called complex conjugation, which is 
particular to the complex numbers. 


1.1 What are complex numbers? 


To define the complex numbers we start by considering the equation 
2 
z^ -—-—1. 


'This equation has no solutions that are real numbers, because the square 
of any real number is non-negative. To overcome this problem, we 
introduce a new number, which we call 7, and declare that 7 is a solution of 
the equation. 


The number i is defined to have the property i? = —1. 


So i is a square root of —1. You learned in Section 4 of Unit 1 that 

the symbol v“ is used to denote the non-negative square root of a 
non-negative real number. In other texts you may see i written as V/—1, 
even though neither —1 nor i is a non-negative real number. This notation 
isn't used in this module, as it can be misleading. To see why, remember 
the rule vavb = vab, also from Unit 1, which is true when a and b are 
non-negative real numbers. If you try to apply this rule with a = b = —1, 
then you obtain the incorrect statement 


V-1V-1- V/(-1) x (-1) = V1- 1. 
This statement is wrong because /—14/—1 should equal —1, not 1. 


To avoid this kind of pitfall, it’s best not to use the notation /—1, except 
in certain particular circumstances, such as those described in 
Subsection 3.1, where you'll meet expressions involving + 
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Let's now look at how the complex numbers are obtained by combining 
this new number 7 with the real numbers. For instance, you can multiply i 
by a real number such as 5 to give another number, 52. You can then add 
5i to a real number such as 3 to give another number, 3 + 5i. The complex 
numbers are all the numbers that you can obtain in this way. 


Complex numbers 


A complex number is a number of the form a + bi, where a and b 


are real numbers. 


The set of all complex numbers is denoted by C. 


For example, —7 + 3i and 3 + 192 are complex numbers. Using the usual 
conventions of algebra, we can write some complex numbers in a form 
simpler than a + bi. For example, we write 


45--(—11i as 


3 4 1i as 
6 + 06 as 
0 4- (-1)i as 
0 4- 0i as 


45 — 11i 
3-cid 

6 

=4 


0. 


Note that since 7 is a square root of —1, the number —7 is also a square 
root of —1, as you'd expect. You'll see this confirmed later. 


1 Arithmetic with complex numbers 


In the rest of this section, you'll meet some of the basic properties of 
complex numbers, and practise manipulating them. To start with, here are 
two important definitions. 


Real and imaginary parts 


For any complex number z — a 4- bi, the real number a is called the 
real part of z and the real number 0 is called the imaginary part 
of z. We write 


Re(c)—u and "Im(z)-—b5 


For example, 

Re(-74-3i) 2 -7 and Im(-7--3i)-3. 
Also, 

Re(5i) 20 and Im(5i)- 5. 


Notice that it is b, and not bi, that is the imaginary part of a 4- bi. For 
example, the imaginary part of —7 + 3i is 3, not 3i. 


If the real part of a complex number is 0, then the complex number is 
sometimes called an imaginary number or a purely imaginary 
number. For instance, the complex numbers 5; and —i are imaginary 
numbers. 


If the imaginary part of a complex number is 0, then that complex number 
is in fact a real number. For instance, the complex number 5 (which you 
could write as 5 + 0i) is also a real number. In the same way, every real 
number is a complex number. This implies that the set of real numbers is 
a subset of the set of complex numbers; that is, IR C C. 


Activity 1  /dentifying real and imaginary parts 


Write down the real and imaginary part of each of the following complex 
numbers. 


(a) 249 — (b) 4 (c) -7i (dO (ei (f1-i 


You can also write complex numbers in the form a 4- ib, which is equivalent 
to a+ bi, and both forms are used. Your choice may depend on the nature 
of the real number b. For instance, you may prefer to write 1 + i/2 rather 
than 1 + vi, to avoid possible confusion with 1 + Vi. 
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Francis Maseres (1731-1824) 
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Over the centuries, mathematicians have struggled with definitions of 
numbers. Few people have trouble understanding the natural 
numbers 1,2,3,..., but the concept of zero was more troublesome. 
One of the first people to bring the idea to Europe was Fibonacci 
(Leonardo of Pisa) in his Liber Abaci (1202), the text that spread the 
Hindu-Arabic numeral system through Europe. Even so, the 

symbol 0 was not widely used in Europe until the seventeenth 
century, and in 1759 the English mathematician Francis Maseres 
wrote of the negative numbers that they 


darken the very whole doctrines of the equations and make dark 

of the things which are in their nature excessively obvious and 

simple. 
Likewise, many mathematicians at first doubted the validity of 
complex numbers, which Cardano had described in Ars Magna as 
'some recondite third kind of thing'. In fact, the renowned French 
philosopher and mathematician René Descartes (1596-1650) coined 
the term imaginary numbers for real number multiples of i because he 
considered them to be illusory. 


Today we're aware of the many uses of different types of numbers, 
and the foundations of mathematics are well established, so there's no 
longer any doubt about the validity of zero, negative numbers or 
complex numbers. 


1.2 Adding and subtracting complex numbers 


You can add or subtract complex numbers by adding or subtracting their 
real and imaginary parts separately. For example, 


(5+6i)+ (3+2) = (5-3) + (642)i =848i, 
—— —— 


and 


add real add imaginary 
parts parts 
(5+6i)—(3+2i)= (5—3) + (6-2)4 -—2- 4i. 
—— —— 
subtract subtract 
real parts imaginary parts 


In essence, to add or subtract complex numbers you treat 7 as a variable 
and add or subtract in the normal way. 


Example 1 Adding and subtracting complex numbers 
Let z = 7 + 19i and w = 13 — 10i. Work out z+ w and z — w. 
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Activity 2 Adding and subtracting complex numbers 


Work out z + w and z — w for each case below. 
(a) z 2 2--5i, w=-7+ 13i (b) z—-—4i w--9i 
(d 2=3—%; w=3-—īi (d z23- 7i, w—3-'i 


(e) z=g-gi, w--i-cili (f) z=1.2, w—34i 


Many familiar rules for adding and subtracting real numbers also apply to 
complex numbers. For instance, the order in which you add two complex 
numbers z and w doesn't matter: 


Z+w=wt+Z. 
Also, any three complex numbers u, v and w satisfy 
(utv)+w=ut(ut+w). 


You've met similar rules before, when you learned about addition of 
vectors, in Unit 5, and addition of matrices, in Unit 9. Recall that an 
operation (in this case, addition of complex numbers) that obeys the first 
rule is said to be commutative, and an operation that obeys the second 
rule is said to be associative. Together the two rules tell you that you can 
add several complex numbers in any order that you choose. 


The number 0 has the same role in the arithmetic of complex numbers as 
it does in the arithmetic of real numbers, in that adding 0 to any number 
leaves that number unchanged. 


You should approach the next activity using the usual rules of algebra, 
remembering to treat i like a variable. 


Activity 3 Adding and subtracting several complex numbers 


Let u = 4 + 62, v = —3 + 5i and w = 2 — i. Work out the following. 
(a) u+u+w (b) w+v+u (c) u— (v+ w) (d) u— (v — w) 
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1.3 Multiplying complex numbers 


You can multiply two complex numbers using the usual rules of algebra 
and the fact that i? — —1, as shown in the next example. 


As usual, you can also write products using the x symbol. For instance, 
the product (3 + 27) (5 + i) can also be written as 


(34- 2i) x (54- i). 


Activity 4 Multiplying complex numbers 


Find the following products of complex numbers. 
(a) (1+ 3i) (2 + 4i) (b) (—2 + 3i)(4 — 72) (c) 3i(4 — 5i) 
(d 7(-24-5j))  (e)(2-3)(24-3) (f) (4 +0) (14 1) 


Multiplication of complex numbers, like addition of complex numbers, is 
both commutative and associative. This means that, for any complex 
numbers z and w, 


ZXW-—wxz, 
and, for any complex numbers u, v and w, 


ux (v x w) = (ux v) x w. 
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Multiplication of complex numbers is also distributive over addition of 
complex numbers; that is, for any complex numbers u, v and w, 


ux (vt+w)=uxvtux w. 


When you add and multiply real numbers, you probably apply the 
commutative, associative and distributive laws without thinking about 
them. You should be comfortable doing the same for complex numbers. 


The numbers 0 and 1 play the same roles in the multiplication of complex 
numbers as they do in the multiplication of real numbers. That is, 
multiplying a number by 0 gives the answer 0, and multiplying a number 
by 1 leaves that number unchanged. 


Activity 5 Adding and multiplying several complex numbers 


Let u = 1 + 2i, v = 4 — 3i and w = —i. Work out the following. 
(a) u(v +w) (b) uv + uw (c) uvw 


When multiplying a complex number z by itself, you should write z?, 
rather than zz or z x z, just as for real numbers. Other positive integer 
powers of a complex number z, such as z? or z100, are defined in the usual 
way. When z is not zero, the zeroth power z° of z is defined to be 1, just 
as for real numbers. You'll learn about negative integer powers later on. 


'The index laws from Section 4 of Unit 1 continue to hold when the base 
numbers are complex numbers and the powers are positive integers. For 
example, one of these laws for complex numbers states that, if z and w are 
complex numbers and n is a positive integer, then 


(20)? etw, 


In fact, once you learn about negative powers you'll see that these laws 
hold when the powers are any integers (not necessarily positive integers). 


Activity 6 Working out powers of i 


Work out i, i! , i?, i3, i^, i? and if. Predict the pattern that would emerge 
if you continued to work out higher powers of 7. 


As you learn more about complex numbers, you'll come to see that the 
system of complex numbers has richer properties than the system of real 
numbers. One example of this is in taking square roots of numbers. 
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You know that each positive real number has two square roots. For 
example, the number 3 has the two square roots +3. If youre working 
with the complex numbers, then it's also true that each negative real 
number has two square roots. For example, the number —3 has the two 
square roots +i/3, because 


(ivs)' =; (va) ETE NES 


an (iv) - (ix (-vs))' =? (-vs) fi) E. 


As you'll see later, these are the only two square roots of —3. In general, 
we have the following useful fact. 


Square roots of a negative real number 


If d is a positive real number, then the square roots of —d are tiVd. 


For example, the square roots of —4 are +iv/4, that is, +2i. 


Activity 7 Checking the square roots of a negative number 


Show that 3i and —3i are both square roots of —9. 


Gaussian integers 


As you know, an integer p greater than 1 whose only integer factors 
are +1 and +p is called a prime number, or just a prime. The first 
few primes are 


2 gs eT MI e 
Notice that even though 2 is a prime, 
(aequo 


This shows that 1 +i and 1 —7 are both factors of 2, so if we allow 
not only integer factors but also factors that are complex numbers 
whose real and imaginary parts are integers, then 2 is no longer a 
prime! A complex number a + bi for which a and b are integers is 
known as a Gaussian integer, after the German mathematician 
Carl Friedrich Gauss (1777-1855), who first developed them. 


Just as any ordinary integer x can be factorised in two 'trivial' ways 
as © = 1 x x and x = (—1) x (—z), so any Gaussian integer z can be 
factorised in four trivial ways as 


2—=1x%2—=(—1) x (—2) S=7 =< C22) = (2) x). 
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If these are the only ways in which a Gaussian integer z can be 
factorised as a product of two Gaussian integers, then z is called a 
Gaussian prime. You’ve seen that 2 is not a Gaussian prime, and 
neither is 5, because 

(2 --i)(2 — i) =5. 
However, it can be shown that 3 is a Gaussian prime, as is 1 + i, and 
in fact there are infinitely many Gaussian primes. 


You can learn about the Gaussian integers in more advanced modules 
on number theory. 


Before you find out how to divide complex numbers, it's useful for you to 
learn about another operation that you can perform on complex numbers, 
called complex conjugation. 


The complex conjugate of a+ bi is a — bi. 
The complex conjugate of z is denoted by z. 


The operation of transforming z to Z is called complex 
conjugation. 


For example, 
if z=-3+2i then z——3-—2i, and 
if 225—383 then Z7=5+ 3%. 
Activity 8 Finding complex conjugates 


Find the complex conjugate of each of the following complex numbers. 


(a) 442i (b) -3-8i (c) 9% (d)5 


Notice that if z is a real number, then Z = z. So complex conjugation has 
no effect on real numbers. 


In the next activity you’re asked to show that to undo complex 
conjugation, you just apply complex conjugation again. 


Activity 9 Applying complex conjugation twice 


Let z = a + bi and w = Z. Show that W = z. 
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'There are some more properties of complex conjugation in the box below. 
'The last property involves division of complex numbers, which you'll meet 
shortly. 


These properties, and all the other complex number properties stated in 
this unit, hold for all complex numbers for which the expressions in them 
are defined. For example, the fourth property below holds for all complex 
numbers z and w with w Z 0. 


Some properties of complex conjugation 


You can prove these properties by writing z = a+ bi and w = c + di. This 
gives 


a 4 c) 4- (b -- di 
adest 


In the same way you can show that z — w = Z — W. 


'To prove the third property, let's work out the sides of the equation 
separately. We have 


ZW = (a — bi)(c — di) 
— ac — adi — bci 4- bdi? 
= (ac — bd) — (ad + bcyi. 
Also, 
zw = (a+ bi)(c + di) 
ac + adi + bci + bdi? 
= (ac — bd) + (ad + bc)i, 
which gives 


zw = (ac — bd) — (ad + bc)i. 


So both Z W and zw are equal to (ac — bd) — (ad + bc)i, which implies that 
ZW = ZW. 


The fourth property will be proved in the next subsection, once you’ve 
seen how to divide complex numbers. 


In the next activity you’re asked to prove two further properties of 
complex conjugation. 
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Activity 10 Proving two identities involving complex numbers 


By writing z — a 4- bi, prove the following identities. 


(a) z +Z = 2Re(z) (b) z—z = 2iIm(z) 


Here’s the property of complex conjugation that’s useful when you want to 
divide complex numbers: whenever you multiply a complex number by its 
complex conjugate, you obtain a real number. To see why this is, recall the 
formula for the difference of two squares from Unit 1: 


(A+ B(A — B) = A? — B?. 


Given any complex number z — a 4- bi, we can apply the difference of two 
squares formula with A — a and B — bi to give 


(a + bi) (a — bi) = a? — (bi = a? — i? = a? + 8. 
———— 


So we have the useful fact below. 


For any complex number z — a 4- bi, 


zz =a’ +b. 


For example, 


(1 + 20))(1 — 22) = 1? +2 — 1-4 — 5. 


Activity 11 Multiplying complex numbers by their complex 
conjugates 


Multiply the following complex numbers by their complex conjugates. 
(a) 2 -- 3i (b) —1— 2i (c) 5i (d) —2 


1.5 Dividing complex numbers 


In this subsection you'll learn how to divide complex numbers, making use 
of the complex conjugation operation that you met in the previous 
subsection. 


Suppose, for example, that you want to divide 5 + 3i by 1 + 2i. You can 
write the result as 
5 93i 


1+ 2i 
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'To see that this really is a complex number, you can simplify it by 
multiplying the top and bottom of the fraction by the complex conjugate 
of the denominator. For our fraction, the denominator is 1 4- 2i, so its 
complex conjugate is 1 — 2i. Multiplying the top and bottom of the 
fraction by 1 — 2i gives 

54-301. (5-3)(1—20)  5—10i-3i—67  11- Ti 

1-2i (1-20)-2i)) 1? + 2? © 5 
You can write this number as 


i(11-7j)) or Bi. 


The second alternative has the form a + bi, which shows that it is indeed a 
complex number. However, it's fine to leave the answer in any of the final 
three forms above. 
Simplifying fractions in this way may remind you of simplifying fractions 
involving surds, such as 

1-53 

V2 V3 


which you met in Section 4 of Unit 1. To do this, you used a conjugate of 
an expression involving surds, which performs a similar role to the complex 
conjugate. 
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You can check that the answer that you obtain from a division of complex 
numbers is correct by using multiplication. In the example that you've just 
seen, for instance, you find that 


is(1-- 8i) x (5 — i) = (5 + 39i — 8i?) = «5 (13 + 391) = 1 + 3i, 
as expected. 


Activity 12 Dividing complex numbers 


Write each of the following fractions as a single complex number. 


1 24 11 — 8 1 1 
OS Wis iy "y Ww 
4+ 71 8+ 32 —2+ 5i 
SE rre UC rax UL 


It isn't possible to divide a complex number by 0, just as it isn't possible 
to divide a real number by 0. 


As for real numbers, if z is a non-zero complex number, then the number 
1/z is called the reciprocal of z. Also, as for real numbers, 


1 1 1 
— is denoted by z^, =z is denoted by a, =z is denoted by gc. 
z Zz z 


and so on. 


As mentioned earlier, the index laws from Unit 1 hold when the base 
numbers are complex numbers and the powers are any integers, positive, 
negative or zero. For example, the following index laws hold for all 
complex numbers z and w and all integers m and n: 


py eg zum g^ aud (eu) uw, 
When you're using complex numbers as base numbers, you should be 
careful to apply index laws only in cases in which the indices (such as m 
and n above) are integers. This is because the definitions of expressions 
such as zV/?, where z is a complex number, are beyond the scope of this 
module. As you'll see in Section 3, all complex numbers other than 0 have 
two square roots, so an expression such as z!/? is potentially ambiguous 
since it could refer to either of the square roots. 


Finally, as promised, here's the proof of the fourth property of complex 
conjugates stated in the box on page 186. The property is 


z/w — zfi. 

If w £0, then 
(z/w)x w—z, so (z/w)xw-z. 

Hence, by the third property in the box on page 186, 
z/w XU -—z. 


Dividing both sides by W gives the property stated above. 
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2 Geometry with complex numbers 


In this section you'll learn how complex numbers can be represented by 
points in a plane, called the complex plane, which gives a rich geometric 
way of interpreting the arithmetic operations described in the previous 
section. You'll see that you can add and subtract complex numbers 
represented by points in the complex plane in a similar way to how you 
add and subtract vectors. 


2.1 The complex plane 


You saw in Unit 1 that the real numbers can be represented as points on a 
line, called the real line or the number line, as shown in Figure 4. 


Figure 4 Part of the real line 


Since a complex number is made up of two real numbers, its real part and 
its imaginary part, it can be represented by a point in a plane. 


The complex plane 


'The complex plane is a plane in which the complex number a 4- bi 
is represented by the point (a,b). 


The horizontal axis is called the real axis and the vertical axis is 
called the imaginary axis. 


For example, the complex number 3 + 4i is represented in the complex 
plane by the point (3,4). This complex number is shown, with others, in 
Figure 5. Notice that the origin represents the complex number 0. 


imaginary axis 


real axis 


e 
—1-3 


Figure 5 Complex numbers in the complex plane 
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The grid in Figure 5 is a unit grid, which means that adjacent horizontal 
lines in the grid are separated by one unit, and adjacent vertical lines are 
also separated by one unit. All the grids that you’ll see in this unit are 
unit grids. 


Note that for simplicity we usually don’t distinguish between complex 
numbers and the points that represent them in the complex plane. For 
example, we say that the complex number i lies on the imaginary axis, 
rather than that the point representing the complex number i lies on the 
imaginary axis. 


Activity 13 Marking complex numbers in the complex plane 


Mark the following complex numbers on a diagram of the complex plane: 


2—4i . —342i, 3,  —i and di. 


'The complex plane is also known as the Argand diagram, after a 
French mathematician with the surname Argand, who in 1806 wrote 
an essay on representing complex numbers geometrically in a plane. 


Recent research has shown that reliable biographical information 
about Argand is extremely limited; not even his first name is known! 
There is no evidence that he was a certain Swiss-born man called 
Jean-Robert Argand, as was previously believed. Information in one 
of Argand's publications suggests that he was a scientifically oriented 
technician, based in the Parisian clock-making industry. 


The idea of introducing a complex plane had been proposed before, by 
the English mathematician John Wallis (1616-1703), and separately 
by the Norwegian-Danish mathematician Caspar Wessel (1745-1818), 
but these earlier proposals failed to gain popular acceptance. 


Let's consider what happens in the complex plane when you add two 
complex numbers. By the usual rule for adding complex numbers, 


(a+ bi) + (c+ di) = (a + c) + (b + d)i. 


So if you add the complex numbers represented by the points (a,b) and 

(c, d), then you get the complex number represented by the point 

(a 4- c, b 4- d). That is, you just add the coordinates separately, in the same 
way that you add the components separately when you add vectors. 


Because of this, you can add two complex numbers in the complex plane 
by drawing (or imagining) a parallelogram, as illustrated in Figure 6. This 
is the parallelogram law for the addition of complex numbers, which is 
similar to the parallelogram law for vector addition. 
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Figure 6 The parallelogram law for the addition of complex numbers 


Next let's consider what happens in the complex plane when you multiply 
a complex number by a real number. We have 


m(a + bi) = ma + mbi. 


So if you multiply the complex number represented by the point (a,b) by 
the real number m, then you get the complex number represented by the 
point (ma, mb). That is, you just multiply the coordinates separately by 
the real number, in the same way that you multiply the components 
separately when you multiply a vector by a scalar. 


The effect of this is that when you multiply a complex number z by a real 
number 7, the resulting complex number mz remains on the line that 
passes through the origin and z, but is | m| times as far from the origin as z 
is. If m is positive, then mz lies on the same side of the origin as z, and if 
m is negative, then mz lies on the opposite side of the origin from z. These 
effects are illustrated in Figure 7. They're similar to the effects of 
multiplying a vector by a scalar. 


(a) (b) 


Figure 7 (a) Multiplication by 2 (b) Multiplication by —1 
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Complex conjugation also has a simple geometric interpretation in the 
complex plane: the number Z = a — bi is the image of z = a + bi under 
reflection in the real axis, as shown in Figure 8. 


Nl 


Figure 8 Complex conjugation in the complex plane 


Activity 14 Adding complex numbers, multiplying complex numbers 
by real numbers, and complex conjugation in the complex plane 


On a copy (or several copies) of the diagram below, mark the complex 
numbers in parts (a)-(f). Do this by thinking geometrically, in the ways 
described above, rather than by first writing z and w in the form a + bi 
and using the algebraic methods from Section 1. 


(a) z+w (b) 2z (c) Z (d) zz (e) —w (f) z—w 
(Remember that z — w = z + (—w).) 


You can check your answers to Activity 14 by writing z and w in the form 
a+ bi and using the methods from Section 1. You can see from the 
diagram that z = 2 + i and w = 1 + 3i. Therefore, for example, 

z+w = (2i) - (14-3i) = (24-1) - (1-36 =34 4i. 


If you plot this answer 3 + 4i in the complex plane, as shown in Figure 9, 
then you obtain the same point that you found in Activity 14(a) by using 
the parallelogram law. 
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z+w=34+4i 
w = 1 +i3i 


Figure 9 Adding 2 + i and 1 + 3i in the complex plane 


2.2 Modulus of a complex number 


You saw in Section 2 of Unit 2 that the modulus of a real number z, which 
is denoted by |x| and is also called the magnitude or absolute value of x, is 
the distance of x from zero. For example, |3| = 3 and | - 3| = 3. 
Essentially, the modulus of a real number z is the ‘size’ of x. 


In the same way, the modulus (or absolute value) of a complex 

number z, which is denoted by |z|, is its distance from the origin, and is a 
measure of its size. (We don’t use the word ‘magnitude’ for complex 
numbers.) Pythagoras’ theorem gives the formula below for the modulus of 
a complex number, which is illustrated in Figure 10. 


Modulus of a complex number 


Let z = a + bi. The modulus |z| of z is its distance from the origin, 
given by 


|z| = vo? - 9. 


'The plural of *modulus' is moduli. 


z=a+bi 


|z| = va? + b2 


Figure 10 The distance between the origin and z = a + bi 


is |z| = va? + b?. 


2 Geometry with complex numbers 


Let's calculate the moduli of some particular complex numbers. For 
example, 


[3 — 4i| = /32 + = V9 F 16 = V25 =5 
and 
|= 7| = V(-7)? = v49 =7. 


As illustrated by the second example, if z is a real number, then |z| is just 
the usual modulus of this real number. 


Activity 15 Finding the moduli of complex numbers 


Find the moduli of the following complex numbers. 
(a) 3+ 4i (b) —4+4 3i (c) 0 (d) —31 (e) 17i 
(f 7—iV18  (g 14i  (h)194-19 Ga  ()-lwXE 


In Subsection 1.4 you saw that, for any complex number z = a + bi, 
zz — o? +0. 

The expression a? + b? is equal to |z|?, so we have the useful identity 
2% = |z’. 

We can obtain another useful identity by replacing z by zw in the 

identity |z|? = zz, to give 

zw|? = zwzw. 

You learned earlier that zu = ZW, so 

zw|? = zw2w = zwzWU-zzww-|z^w[. 


Hence |zw|? = |z|?|w|?, and taking square roots gives the useful identity 


zw| = |z||w|. 


From this identity you can deduce a third useful identity, as follows. If 
w #0, then 


zZ 


w 


_ fl 


w| 


a= lixu- lli © 


Properties of modulus 


z = lF 
|zw| = i 
lr E i = 
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Activity 16 Proving identities involving modulus 


By writing z = a+ bi, show that |—z| = |z| and |Z| = [2]. 


If you divide both sides of the identity zz — |z|? by z, then you obtain 


_ lel? 

XL x 
'Taking the reciprocal of both sides of this equation gives you a neat 
formula for finding 1/z, as follows. 


For example, the reciprocal of 1 + 3i is 


1 l- 393 1— 32 1— 32 


143i [1+3 12432 10 


Activity 17 Working out the reciprocals of complex numbers 


Find the reciprocals of the following complex numbers. 
(a) 24i (b —1— 3i (c) 2i 


2.3 Argument of a complex number 


You can completely specify a particular complex number by stating its 
modulus, that is, its distance from the origin in the complex plane, 
together with the direction in which it lies from the origin. This direction 
is usually specified by stating a particular angle associated with the 
complex number, which we call an argument of the complex number. 
You'll learn about the arguments of a complex number in this subsection. 


Together, the modulus and an argument of a complex number can be used 


to express the complex number in a helpful form, called polar form, which 
you'll meet in the next subsection. 


Arguments of a complex number 


An argument of a non-zero complex number z is an angle in radians 
measured anticlockwise from the positive real axis to the line between 
the origin and z. 


The number 0 doesn't have an argument. 


2 Geometry with complex numbers 


For example, one argument of the complex number —4 + 4i is 37/4, as 
shown in Figure 11(a). You can see that this angle is 37/4 because it’s 
three-quarters of a half-turn, and a half-turn is 7 radians. Other 
arguments of the same complex number are —57/4 and 117/4, as shown in 
Figures 11(b) and (c). The angle —57/4 is negative because it’s measured 
clockwise, rather than anticlockwise. 


—A+ 4i 4 —A4- 4i 4. —4-F4Ai 
= Ln 
4 
FN > > NN > 
ND iem, 
TA 


(a) (b) (c) 


Figure 11 "Three different arguments of —4 + 4i 


You've encountered this sort of situation before, in which the same 
direction is specified by different angles. For example, it occurred when 
you worked with the directions of vectors in Section 6 of Unit 5. The 
angles —57/4 and 117/4 each have the same rotational effect as 37/4, 
because they each differ from 37/4 by an integer multiple of 27: 

om ƏT lir 3a 


1 uq and p y Tem 


In fact, you can see that each non-zero complex number has infinitely 
many arguments, because you can add any integer multiple of 27 to an 
argument to obtain another argument. Exactly one of these arguments lies 
in the interval (—7, 7], and it's often the simplest one to use. 


Principal argument of a complex number 


'The principal argument of a non-zero complex number z is the 
argument of z that lies in the interval (—7,7]. This angle is denoted 
by Arg(z). 


For example, the principal argument of z = —4 + 4i is 37/4. That is, 


3 
Arg(—4 + 4i) = Z. 


In some other texts, the principal argument is called the principal value 
of the argument, and sometimes the interval [0, 27) is used rather 

than (—7, 7]. 

Let’s now consider how to find the principal argument of a complex 
number. If the complex number lies on one of the axes, then you can find 


the principal argument just from a sketch, as the next example 
demonstrates. 
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Activity 18 Finding the principal argument of a complex number 
that lies on one of the axes 


Find the principal argument of each of the following complex numbers. 
(a) ii (b) -4i (c) -3 (d)2 


'The method for finding the principal argument of a complex number that 
doesn't lie on one of the axes is similar to the method for finding the 
direction of a two-dimensional vector from its components, which you met 
in Unit 5. It involves finding values of inverse tangent, so you may find it 
helpful to refer to Table 1, which contains the tangents of special angles 
that you met in Unit 4. 


Table 1 Tangents of special angles 


0 


in radians vane 

T 1 

6 V3 
T 

— 1 

4 

T 

— 3 
V3 
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Example 5 Finding the principal argument of a complex number A 
that doesn't lie on one of the axes — 


Find the principal argument of the complex number —1 + iV3. 
Solution 


€, Sketch —1 + i/3 in the complex plane. The important thing is to 
get it in the correct quadrant. Label the principal argument 0, and 
label by ¢@ the acute angle between the real axis and the line from the 
origin to z. f$ 


z—-1-ciV3 


€. Draw a line from z to the real axis that is perpendicular to the 
real axis to form a right-angled triangle. Mark the lengths of the 
horizontal and vertical sides of the triangle. £9 


z—-1-4iV3 
v3 ó 


— 


€, Use the triangle to work out the acute angle ¢, and hence work 
out the principal argument 0. £9 


From the diagram, 


tang = YS. vg 


Therefore ¢ = 7/3. So the principal argument is 


T 2m 
d= — = — — = —, 
T—Q=T 3 3 
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Activity 19 Finding the principal arguments of complex numbers 
that don't lie on one of the axes 


Find the principal argument of each of the following complex numbers. 


(a) 1+i  (bi1-i/3 (co) -V3-i  (d)2/3-9i 


what's arg (z)? 


You're both wrong! 
ts 110 


Possible origin of the term ‘argument’ 


2.4 Polar form 


All the complex numbers that you've met so far have been written in the 
form a + bi, for real numbers a and b. This form is known as the 
Cartesian form of a complex number. In this subsection you'll learn 
about an alternative way to write complex numbers, using the modulus 
and argument, known as polar form. In fact, the idea is not entirely new to 
you, as you met a similar procedure in Unit 5 when you saw how to find 
the components of a vector from its magnitude and direction. 


'To find the polar form of a non-zero complex number z, we begin with the 
Cartesian form z = a + bi, and express a and b in terms of the modulus 
and one of the arguments of z. Let's write r for the modulus |z|, and 60 for 
one of the arguments, as shown in Figure 12. In this case 0 happens to be 
the principal argument of z, but the discussion that follows is valid no 
matter what the choice of argument. 
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Figure 12 A complex number z = a + bi with modulus r and argument 0 


To see how to write a and b in terms of r and 0, first consider the complex 
number w that has the same argument as z, namely 0, but whose modulus 
is 1, as shown in Figure 13(a). This complex number w lies on the unit 
circle, and hence it follows from what you saw in Unit 4, Subsection 2.2, 
that its coordinates are (cos0, sin 0). This is true whatever the size of the 


argument 0. 


ow A. 
O T 


(a) (b) 


Figure 13 The complex numbers (a) w, with modulus 1 and argument 0 
(b) z, with modulus r and argument 0 


In other words, 
w = cos 0 + isin 0. 

Since z = rw, as illustrated in Figure 13(b), it follows that 
z = r(cos0 + isin 0). 


This is the polar form of z, in which z is written in terms of its modulus 
and one of its arguments. 


Polar form of a complex number 
A non-zero complex number z is in polar form if it is expressed as 
z = r(cos0 + isin 0). 


Here r is the modulus of z, and 0 is an argument of z. 
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For example, the complex number z with modulus 2 and argument 37/4, 
which is shown in Figure 14, can be written in polar form as 


(Rn) n Q1) 


Figure 14 The complex number z with modulus 2 and argument 37/4 


As you saw in the previous subsection, any angle that differs from 37/4 by 
an integer multiple of 27 is also an argument of the complex number z in 
Figure 14. For instance, —57/4 and 117/4 are also arguments of z, so you 
can alternatively write z in polar form as 


ex (C) m C) 


or 


22 llc nm lla 
z= COS 2 sın E . 


However, unless there's a good reason not to do so, you should use the 
principal argument when writing a complex number in polar form, which 
in this case is our original argument 37/4. 


The number 0 doesn’t have an argument, so it doesn't have a polar form 
either. If you want to write the number zero, then you should just use the 
symbol 0, whether you're working with Cartesian or polar forms. 


Let's now consider how to convert between the Cartesian and polar forms 
of a complex number. To convert a complex number from polar form to 
Cartesian form you need to work out values of sine and cosine. You can 
use your calculator to do this, but you'll develop a better understanding of 
the procedure if instead you use techniques from Unit 4 for working out 
sines and cosines of simple fractions of 7, and refer to Table 2, which 
contains the sines and cosines of special angles from Section 1 of Unit 4. 
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Table 2 Sines and cosines of special angles 


: ; , sin 0 cos 0 
in radians 
0 0 1 
z L IAS 
6 2 2 
T 1 1 
1 a | và 
T v3 1 
3 2 2 
T 
— 1 
7 0 


1) 


Activity 20 Converting from polar form to Cartesian form 


Write the following complex numbers in Cartesian form. 
-— T rA T 

(a) 3(cos0 + isin 0) (b) 7 (cos (z) +isin (2)) 
ou T em" T 

(c) 6(cos + i sin 7) (d) cos (-3) +isin (-3) 


T 


(e) 5(cos(—7) + isin(—7)) (f) 4 (cos (=) uS (3)) 


(g) 2 (cos (-1) 4 isin (-3)) (h) Ec E eer (=)) 


To convert a complex number from Cartesian form to polar form, you need 
to calculate its modulus and principal argument. 
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(» Example 7 Converting from Cartesian form to polar form 
Write the complex number —2 — 24/3 i in polar form. 
Solution 

€. First find the modulus. © 


The modulus is 
2 
r = C2? (22/8) = VIF 2 = v6 - 4. 


@. To find the principal argument, sketch z = —2 — 2/3i in the 
complex plane. The important thing is to get it in the correct 
quadrant. Label the principal argument 0, and label by $ the acute 
angle between the real axis and the line from the origin to z. ® 


A 


ie 
0 
Z= mou 


€. Draw a line from z to the real axis that is perpendicular to the 
real axis, to form a right-angled triangle. Mark the lengths of the 
horizontal and vertical sides of the triangle. © 


A 


LA 


2/3 
29-9 91 
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When you convert a complex number from Cartesian form to polar form, 
you can readily check your answer by converting back. For example, for 
the complex number in Example 7, 


z=4 c (-7) +isin (-7)) = (-; a = —2 — 93i. 


You can use your solutions to Activities 18 and 19 to help you with the 
next activity. 


Activity 21 Converting from Cartesian form to polar form 


Write the following complex numbers in polar form. 
(a) fi (b) -4 (9-3 (302 (e) 1+i ()1-i3 
(g) —V3—i (h) 2/3- 2i 


2.5 Multiplication and division in polar form 


'The Cartesian form of a complex number is convenient for adding and 
subtracting complex numbers, because to add or subtract complex 
numbers you just add or subtract their real and imaginary parts 
separately. In this subsection you'll see that polar form is more suited for 
multiplication and division. 


Consider two complex numbers in polar form, z = r(cos 0 + isin 0) 
and w = s(cos à + isin à). Then 


zw =r(cos@+isin@) x s(cos ó + isin ¢) 
= rs(cos @cos $ + i cos sin $ + isin 0 cos à + i? sin 0sin à) 


= rs((cos 0 cos ó — sin @ sin à) + i(cos sin ¢ + sin 6 cos $)). 
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Recall the angle sum identities for sine and cosine, from Section 4 of Unit 4: 


sin(0 + 9) = sin 8 cos ¢ + cosÜsin ó 
cos(0 + $) = cos 0 cos ¢ — sin sin ¢. 


Using these identities we obtain 
zw = rs(cos(0 + 9) + isin(0 + ¢)). 


'This shows that to multiply two complex numbers in polar form, you 
multiply their moduli and add their arguments. 


Product of complex numbers in polar form 
Let z = r(cos0 + isin 8) and w = s(cos¢+ising). Then 
zw = rs(cos(0 + 9) + isin(0 + ¢)). 


Example 8 Finding the product of complex numbers in polar form 


Let 
ge iO c (=) -Fisin (=)) 
nd 
25 Ar m An 
w= COS 5 isin 5 à 


Find zw in polar form. 
Solution 
€&. Multiply the moduli and add the arguments. f$ 


— 50 ME ES "mem 3m | An 
Bw = co 5 5 isin 5 5 
T i 
= 5 (cos (=) -Fisin (=) 


@. The argument 77/5 doesn't lie in the interval (—7, 7], so it isn't 
the principal argument of zw. 'To find the principal argument, 
subtract an integer multiple of 27 from 77/5 to obtain an angle that 
lies in the interval (—7, m]. ® 


Since 
71 Ta Oy 37 
= -— 2T z= — — —— — — — 


5 5 5? 
it follows that 


3 3 
zw = 0) (cos (X) + isin (-=)) : 
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In the next activity, remember to use the principal argument in the polar 
form in your answers. 


Activity 22 Finding the product of complex numbers in polar form 


Find zw in polar form in each of the following cases. 


(a) 2=12 (cos (=) +isin 6) w=4 (cos (5) +isin (5)) 
yi T 3 3 
(b) is (=) + isin (3)). IS (=) + isin (=)) 
(c) 87 age 87 87 dd 87 
z= — in | — = — in| — 
c cos | —> is gh "79575 is 9 
You’ve seen that to find the product of two complex numbers in polar form 
you multiply their moduli and add their arguments. You do the same to 


find the product of three or more complex numbers in polar form. For 
example, the product of 


23 AT JC AT 
U= cos ES +ısın ES , 
v= 2 (cos ( =) isin ( =)) and 
5 5 
T 


is 


4n 2" T 4r 2m m 
- 2 ML a iat oe NEU 
uvw = (3 x 2 x 7) (o (5 +2) +isin (3 E «£)) 


-o(a (8) (1) 


Activity 23 Finding the product of several complex numbers in 
polar form 


Find the product of the following three complex numbers in polar form: 


BN 
v — cos (z) + isin (=) 
w= (cu (22) om (®)) 
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Let's now look at how to divide two complex numbers in polar form. As 
before, let z = r(cos 0 + isin 0) and w = s(cos ó + isin 9). At the end of 
Subsection 2.2, you saw a formula for the reciprocal of a non-zero complex 
number, which gives 

il wW 

w fw? 
Remember that |w| = s. Multiplying both sides of the equation above by z 
gives 


zZz č zW 
w |w]? 
r(cos0 + isin 0) x s(cos ó — isin ¢) 


s2 


= —( cos 8 cos ó — i cos 0 sin à + isin 0 cos ¢ — i? sin sin œ) 
=  ((cos8 cos o + sin ô sin à) + i(sin0 cos ó — cos0sin Q)). 


Recall the angle difference identities for sine and cosine, from Section 4 of 
Unit 4: 

sin(0 — 9) = sin f cos ¢ — cos0sin ó 

cos(0 — $) = cos0 cos ¢@ + sin Ô sin ¢. 
Using these identities we obtain 


- = L (cos(0 — à) + isin(0 — ¢)). 


'This shows that to divide two complex numbers in polar form, you divide 
their moduli and subtract their arguments. 


Quotient of complex numbers in polar form 


Let z = r(cos0 + isin0) and w = s(cos ọ + isin à). Then 


Z 


ww ~(cos(9 — $) + isin(0 — ¢)). 
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Solution 
€. Divide the moduli and subtract the arguments. .£9 


a(o T) (1-7) 
(C8) (8) 


@. The argument —67/5 doesn't lie in the interval (—7, 7], so it isn't 
the principal argument of z/w. To find the principal argument, add 
an integer multiple of 27 to —67/5 to obtain an angle that lies in the 
interval (—7, 7]. ® 


Since 
5 5 5 B 
it follows that 


ED) (2) 


Activity 24 Finding the quotient of complex numbers in polar form 


Find z/w in polar form in each of the following cases. 


(a) 2=12 (cos (=) +isin (z)). w=4 (cos (=) +isin (=)) 
OT 


Using the polar form of complex numbers you can now visualise in the 
complex plane how to multiply one complex number by another, as the 
following example demonstrates. 


Example 10  Visualising multiplication by 2i geometrically 
Describe the geometric effect of multiplying a complex number by 27. 
Solution 

€, Start by finding the polar form of 2i. ® 
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From the diagram, 


2i — 2 (cos (5) + isin (2)) 


€ Consider a general complex number z in polar form, to be 
multiplied by 2i. 9 


Now let z = r(cos0 + isin 0). 
@. Find the polar form of z x 2i. f$ 
'Then 
- T CEU 
z X 2i = r(cos0 + isin0) x 2 (cos (5) + isin (2)) 


= Dip (cos (0+7) +isin (e 2). 


€. If you find it helpful, sketch z and z x 2i in the complex plane to 
help you understand how z x 2i is obtained from z geometrically. ® 


& 9 9 


Therefore, multiplying z by 22 corresponds to an anticlockwise 
rotation of z through a quarter turn (7/2 radians) and a scaling of z 
by the factor 2. 


Activity 25 Multiplying a complex number by —i 


Describe the geometric effect of multiplying a complex number by —i. 
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2.6 De Moivre’s formula 


You’ve seen how to multiply two or more complex numbers in polar form, 
so it’s now possible to consider powers of complex numbers in polar form. 
There’s a helpful formula for working out powers, known as de Moivre’s 
formula, named after the French mathematician Abraham de Moivre. 

(‘De Moivre’ is pronounced as ‘de mwa-vr’, where the ‘e’ is spoken like the 
‘u’ in ‘number’.) To obtain this formula, we apply the formulas for 
products and quotients of complex numbers found in the previous 
subsection, as follows. 


You saw that to find the product of two or more complex numbers in polar 
form, you multiply their moduli (to give the modulus of the product) and 
add their arguments (to give an argument of the product). Applying this 
procedure to n copies of the complex number z = r(cos@ + isin 0) gives 


z"—rxrx--xr(cos(8--0----- 0) isin(D£ -04---- 0). 
——— ———— ——— 
multiply moduli add arguments add arguments 


That is, 


z” = r" (cos n8 + isin n6). 


This is de Moivre's formula, for positive integers. In fact the formula is 
valid for all integers n, as stated below. 


De Moivre's formula 
Let z = r(cos0 + isin 0). Then, for any integer n, 


z” = r” (cos nO + i sinn). 


So far you've only seen why de Moivre's formula is true for positive 
integers. When n = 0 it’s certainly true, because then both sides of the 
formula are equal to 1. To see why the formula is true for negative 
integers, begin with any positive integer n, and write the numbers 

1 and z^ in polar form: 


1=cos0+isinO and z" = r"(cosn0 + isin n6). 
Now apply the formula for quotients of complex numbers in polar form to 


the complex numbers 1 and z^. Dividing the moduli and subtracting the 
arguments gives 


1 


er (cos(0 — n8) + isin(0 — n8)) = r "(cos(—n0) + i sin(—n6)). 


gh qn 
Since z ^ is the same as 1/2", we obtain 
z "=r "(cos(—n8) + isin(—n0)). 


Because —n can represent any negative integer, this confirms that 
de Moivre's formula is also true for negative integers. 
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Abraham de Moivre 
(1667—1754) 
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Arguably Abraham de Moivre's greatest contributions to mathematics 
were in the theory of probability. In 1733, in a paper published in 
Latin, he was the first person to discuss the normal distribution, an 
important mathematical tool for modelling probabilities. In 1738 he 
included an English translation of the paper in the second edition of 
his book The Doctrine of Chances: A method of calculating the 
probabilities of events in play. It is said that de Moivre correctly 
predicted the day of his own death after observing that he was 
sleeping 15 minutes longer each night. Assuming that this would 
continue, he predicted that he would die on the day that he slept for 
24 hours, and did indeed die on that day, 27 November 1754. 


De Moivre's formula allows you to find powers of complex numbers in 
polar form quickly. To find powers of complex numbers in Cartesian form, 
you can convert to polar form, find the power, then convert back to 
Cartesian form, as the following example demonstrates. 


Example 11 Working out powers of complex numbers 


Find (-V3 + i) in Cartesian form. 
Solution 
Q, Write —\/3 + i in polar form. To do this, first find the modulus. £9 


The modulus of —4/3 + i is 
2 
r-y(-v3) «ma vario va-2. 


@. Then find the principal argument, by first sketching — v3 + i in 
the complex plane. £9 


—WS ed 


TN NN 


From the diagram, 


tan = 


L 
5 
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Therefore ¢ = 7/6. So 
E 


ge 
Um Ta 


Hence 


-v3 +i =2 (es (=) + isin =)) 


€&. Apply de Moivre's formula. ® 


Therefore 


Caef (um) n) 
Sees), 


€. Convert to Cartesian form. To help do this by hand, first rewrite 
the polar form using the principal argument. © 
Since 
257 K 
6 2 6’ 
we obtain 


(y elo im) 
= ($ 4 3) 


= 16V3 + 16i. 


Activity 26 Working out powers of complex numbers 
Work out the Cartesian forms of the following complex numbers. 
A3 1/3 T x cS e were d 
(a) (14 i) (b) (2 (cos (2) isi (2))) (c) (-1+iv3) 
(à (Vi-i ^ (9 (2+2) 


In the final activity of this section you can learn how to work with complex 
numbers on the computer. 


| ] 
Activity 27 Manipulating complex numbers with the CAS nu 


Work through Subsection 13.1 of the Computer algebra guide. 
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3 Polynomial equations 


A polynomial equation is an equation of the form 
‘polynomial expression = 0’, where the polynomial expression has degree 
at least 1. For example, 


5a®°+8=0 and x’ — 13254 323?—2—0 


are polynomial equations, and every linear or quadratic equation is a 
polynomial equation. 


At the start of this unit you were told the remarkable fact that by 
introducing a solution i of the quadratic equation 
z?4-1-0 


to form the complex numbers, you make it possible to find at least one 
solution of any quadratic equation. In this subsection, you'll learn how to 
find all the solutions of any quadratic equation, including any solutions 
that are not real numbers. You'll also learn about the fundamental theorem 
of algebra, which shows that in fact every polynomial equation has at least 
one solution in the set of complex numbers. 


3.1 Quadratic equations 


As you know, a quadratic equation is an equation of the 
form az? + bz + c = 0, where a Æ 0. For example, 


272 5z—120 and z?— 6242520 


are quadratic equations. We use the variable z here (rather than the more 
familiar z, say) because we want to work with complex numbers, and it's 
traditional to use the letter z for a variable that represents a complex 
number. For the moment, let's restrict our attention to quadratic 
equations in which the coefficients a, b and c are real numbers, and leave 
the possibility that a, b and c might be complex numbers that aren't 
necessarily real to the end of this subsection. 


You saw in Section 4 of Unit 2 that the number of real solutions 
(solutions that are real numbers) of the quadratic equation 

az? + bz +c = 0 depends on the value of the discriminant b? — 4ac. The 
equation has 


e two real solutions if b? — 4ac > 0 

e one real solution if b? — 4ac = 0 

e no real solutions if b? — 4ac < 0. 

For example, the quadratic equation 2z? — 5z — 1 = 0 has discriminant 
(—5)? — 4 x 2 x (—1) = 25 + 8 = 33, 


so it has two real solutions. In contrast, the quadratic 
equation 2? — 6z + 25 = 0 has discriminant 


(—6)? — 4 x 1 x 25 = 36 — 100 = —64, 
so it has no real solutions. 
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Although some quadratic equations have no real solutions, every quadratic 
equation has either one or two solutions that are complex numbers, which 
we call complex solutions. Complex solutions can be real numbers 
(because a real number is a special type of complex number), but they can 
also be complex numbers that are not real, like 1 +i or — i. 


One way to find the complex solutions of a quadratic equation is to use the 
method of completing the square, in much the same way as in Unit 2. The 
only difference is that now you have to allow square roots of negative 
numbers. 


Example 12 Solving a quadratic equation that has no real solutions A 
by completing the square — 


Solve the quadratic equation 2? — 6z + 25 = 0 by completing the 
square. 


Solution 

Completing the square gives 
(z— 3) +16 = 0; 

that is, 
(z—3)^ ==16. 


€. Take the square root of both sides. Remember from 
Subsection 1.3 that if d is a positive real number, then the square 
roots of —d are +iV/d. ® 


Therefore 

2-3 = i16; 
that is, 

z — 3 = +4i, 
SO 

g e 3s dli. 


Remember that you can check the solutions of a quadratic equation by 
substituting them back into the equation. For the quadratic equation in 
Example 12, we have 
(3 + 4i)? — 6(3 + 4i) + 25 = (3 + 4i) (3 + 42) — 6(3 + 4i) + 25 
= 9 + 12i + 12i + 16i? — 18 — 24i + 25 
= (9 — 16 — 18 + 25) + i(12 + 12 — 24) 
— |. 


You can check the other solution, 3 — 47, in the same way. 


Unit 12 Complex numbers 


Activity 28 Solving quadratic equations that have no real solutions 
by completing the square 


Solve the following quadratic equations by completing the square. 
(a) 2—2z42-20 (b) z?--4z -13 — 0 (c) 224-25 —0 


Another way to find the complex solutions of a quadratic equation is to 
use the usual quadratic formula. 


The quadratic formula 


The solutions of the quadratic equation az? + bz + c = 0, where a, b 
and c are real numbers, are given by 


"- —b+ Vb — 4ac 
So oA 


As you saw earlier, the quadratic formula gives two real solutions of the 
quadratic equation if b? — 4ac > 0 and one real solution if b? — 4ac = 0. 


When b? — 4ac < 0, there's a problem with the quadratic formula, because 
the square root sign vV cannot be used with a negative number inside it. 
For convenience, we make an exception here, and when d is a positive real 
number we allow the notation +,/—d to mean the two square roots of the 
negative number —d, which you learned in Subsection 1.3 are +i/d. This 
practice doesn't cause errors, because the + symbol means that you'll 
always consider both square roots of a negative number at once. 


For example, if b? — 4ac — —16 then the quadratic formula involves the 
term 


+/—I6, 


which means the two square roots of —16, namely +42. 
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Solution 
€. Use the quadratic formula. .£9 


—10+ y10?—4x1x34 


2x 


—10=+ 4/100 — 136 


2 
=I y/o 
2 


@. The term +,/—36 means the two square roots of —36, 
namely +61. £9 


| -10 + 6i 


2 
= = ae oY 


Activity 29 Solving quadratic equations using the quadratic formula 
Solve the following quadratic equations by using the quadratic formula, or 
a simpler method if possible. 

(a) 22+2z+2=0 (b) 274+6z2+9=0 (c) 327+5=0 
(d) 2 —4z+8=0 (e) 22+3z=0 (f) 227-32+5=0 


You can see from the quadratic formula that when a, b and c are real 
numbers such that b? — 4ac < 0, the two complex solutions of the 
quadratic equation az? + bz + c — 0 are complex conjugates of each other. 
For example, the two solutions —5 4- 3i and —5 — 3i of the quadratic 
equation z? + 10z + 34 = 0 in Example 13 are complex conjugates of each 
other. Two complex numbers that are complex conjugates of each other 
are together called a complex conjugate pair. 


'The next example shows how you can choose any complex conjugate pair 
and then find a quadratic equation whose solutions are that complex 
conjugate pair. 


Example 14 Finding a quadratic equation with a given pair of 
solutions 


Find, in its simplest form, a quadratic equation that has solutions 
22s Q. 
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Solution 


€. For any numbers u and v, a quadratic equation with solutions 
u and v is (z — u)(z — v) = 0. & 
A quadratic equation with solutions 2 +7 is 

(z — (2+7))(z — (2— i)) =0. 
€. To simplify this equation, expand the brackets. Do this directly, 
or, to do it slightly more efficiently, first write the expression 
(z — (2 + i))(z — (2 — i)) as a difference of two squares, by rewriting 
z — (2 +i) as (z — 2) — i and — (2 — i) as (z — 2) + i. @ 
Simplifying gives 

((z—2)—i)((z—2)--i) 20 
@. Apply the difference of two squares formula 
(A—- B)(A + B) = A? - B? with A = z — 2 and B = i. f 

=D =r =0 

a cie E 

22 — A2 50. 


So a quadratic equation with solutions 2 Æ i is z? — 4z + 5 = 0. 


'The procedure in Example 14 always gives a quadratic equation in which 
the coefficient of z? is 1. However, you can multiply the equation through 
by any non-zero number to give a quadratic equation that has the same 
solutions but in which the coefficient of z? is not 1. 


Activity 30 Finding quadratic equations with given pairs of solutions 


Find, in their simplest forms, quadratic equations with the following pairs 
of solutions. 


(a) 122i (b) -3c4i (c) +7 (dic 


top 
ec». 


So far all the quadratic equations az? + bz + c = 0 that you've met have 
had real coefficients a, b and c, and this is the only type of quadratic 
equation that you'll solve in this module. However, the quadratic formula 
also gives the solutions of quadratic equations in which a, b and c are 
complex numbers that aren't necessarily real. For such an equation, the 
expression +vyb? — 4ac represents the two square roots of a complex 
number. You'll learn how to find square roots, and other roots, of complex 
numbers in the next subsection. 


3 Polynomial equations 


3.2 Roots of complex numbers 


As you know, if a is any number, then any solution x of the equation 
rL =a 

is called a square root of a. For example, the equation 
r =4 


has two solutions; in other words, the number 4 has two square roots, 
namely 2 and —2. Similarly, you’ve seen that the equation 


r = —9 


has two solutions; in other words, the number —9 has two square roots, 
namely 32 and —3i. 


Notice that in both the cases a = 4 and a = —9 the pairs of square roots 
lie symmetrically on opposite sides of the origin, as shown in Figure 15. 


3i 


—3i 


(a) (b) 


Figure 15 The square roots of (a) 4 (b) —9 


You can investigate this symmetry property of square roots further in the 
next activity. 


Activity 31  /nvestigating the symmetry of square roots E 


Use the Square roots of real numbers applet to investigate the solutions of 
the equation z? — a — 0, that is, the square roots of a, as a varies. 


In general, any solution z of the equation 

e cu 
where a is a complex number and n is a positive integer, is called an 
nth root of a. (We say ‘square root’ rather than ‘2nd root’, and ‘cube 
root’ rather than ‘3rd root’, as we do for real numbers.) In this subsection 
you'll learn how to find all the solutions of equations of this form. You'll 
see that, if a is non-zero, then there are exactly n solutions, positioned 
symmetrically around the origin. If a is 0, then there's only one solution, 
namely 0. 


219 


Unit 12 Complex numbers 


Let's start by looking at equations of the form z” = 1, such as 22 = 1 
and z* — 1. Solutions of equations of this form are called roots of unity; 
the word ‘unity’ refers to the number 1. More specifically, 


e the solutions of the equation z? = 1 are the square roots of unity, 
e the solutions of the equation z? = 1 are the cube roots of unity, 
e the solutions of the equation z+ = 1 are the fourth roots of unity, 


and so on. 


Let's consider the cube roots of unity. You know that 1 is a cube root of 
unity, because 1? — 1. There are two other cube roots though, namely 


- (-1 +iv3) and ^ (-1 = iv3) . 


You'll see how to find such roots shortly, but for now let's check that these 
numbers really are cube roots of unity. To check the first one, lets first 
find the square and then the cube of the expression inside the brackets: 


(-1+av3)" 21- aiii P (v3) 


= 1— 2iV/3—3 
= —2 — 2i V3, 


(-1+iv3) = (-1+iv3) (Ca iva) 
= (-2- 2iV3) (-1+ iv3) 
= 2- 2iV3+ 28 - 2? (vs) 
-39346 
=8, 

Therefore 
< ae 
2 BEES IEEZS uh 


So i(a + iv3) is indeed a cube root of unity. 


Activity 32 Checking a cube root of unity 


Check that 3(-1 — iv3) is a cube root of unity. 


The three cube roots of unity all have modulus 1, as you can check directly 
if you wish. To see why, suppose that z is a cube root of unity, so z? = 1. 
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Taking the modulus of both sides of this equation gives 
Z| — 1. 

Now 
|= |z x zx z| = |z| x |z| x |z| = zl, 
so it follows that 


gl =1. 


Therefore |z| = 1; that is, z has modulus 1. 


You can see that a similar argument will hold for any nth root of unity, for 
any positive integer n. So, for any positive integer n, the nth roots of unity 
all have modulus 1. 


The three cube roots of unity are shown in the complex plane in Figure 16. 
Because they all have modulus 1, they all lie on the unit circle, which is 
the circle of radius 1 that is centred on the origin. 


unit circle 


} (-1+ iv3) 


TEET) 


Figure 16 The cube roots of unity 


It appears from Figure 16 that the cube roots of unity are equally spaced 
around the unit circle, and you'll see shortly that this is indeed so. More 
generally, you'll see that for any positive integer n, there are n solutions of 
the equation z” = 1 and they're equally spaced around the unit circle. One 
of these solutions is the number 1, of course, which lies on the positive part 
of the real axis. 


'The next example illustrates a method for finding the nth roots of unity, 
for any positive integer n, using the case n — 5 as an example. You'll see 
later in the subsection that you can use essentially the same method to 
find the nth roots of any complex number. 


You might find it particularly helpful to watch the tutorial clip for the 
following example. 
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Example 15 Finding the fifth roots of unity 
Solve the equation 2? — 1. Sketch the solutions in the complex plane. 
Solution 


€, Write the unknown z in polar form, in terms of an unknown 
modulus r and an unknown argument 0. Also write the number on 
the right-hand side of the equation in polar form. £9 


Let z = r(cos0 + isin0). Also, 1 = cos0 +isin0. So the equation is 
(r(cos 0 + isin 0))? = cos0 + isin 0. 


€. Use de Moivre’s formula to find the polar form of the left-hand 
side. £9 


De Moivre's formula gives 
r°(cos 50 + isin 50) = cos + isin 0. 


@. Find r by comparing the moduli of the two sides of this equation. 
'The left-hand side has modulus r?, and the right-hand side has 
modulus 1. © 


Comparing moduli gives 
rř=1, so r=1. 


@. Now find 6 by comparing the arguments of the two sides of the 
equation. The left-hand side has argument 50, and the right-hand 
side has argument 0. However, it doesn't follow that 50 — 0. Instead 
it follows that 50 = 0 + 2mm, for some integer m. So there are 
infinitely many possible values of 50, and hence infinitely many 
possible values of 9. ® 


Comparing arguments gives 
50 = 0 + 2mm = 2mm, where m is an integer. 


Hence 


2mm : : 
Q= = where m is an integer. 


€. Find the five values of 0 given by m = 0, 1, 2, 3, 4. (You'll see 
after the example that other integers m don't give further solutions. 
In general, if the exponent in the original equation is n, then you 
should find the values of 0 given by n consecutive integer values of m, 
starting with m = 0.) ® 


Taking m = 0, 1, 2, 3, 4 gives the following values of 0: 


2x 4n 6m- 8m 


Ho EC 


€, Write out the solutions. It's convenient to label them as 2o, 21, 22, 
Z3, Z4. s 


The solutions are 


zo = cos0+2zsin0= 1 


(=) ee 
eq = GOs ES +27s1n 


(=) i? 
E = Cos ES +2s1n 


BSS. FO. FP 
S a sess 
NOSE NE Nee 


€ Sketch the solutions in the complex plane. Each solution has 
modulus 1, so they all lie on the unit circle. Plot the solution zo = 1, 
and then sketch 21, zo, z3 and z4, in that order, by marking regularly 
spaced points separated by the angle 27/5 anticlockwise around the 
unit circle. Just estimate each angle 27/5; there's no need for a 
precise drawing. £9 


In the solution to Example 15 the fifth roots of unity were given in polar 
form, with arguments in the interval |0, 27) rather than principal 
arguments (remember that principal arguments lie in the interval (—7,7]). 
In general when you're finding roots of complex numbers, it's usually more 
convenient to use arguments in the interval [0, 27) rather than principal 
arguments. 
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'To help you see why values of m other than 0, 1, 2, 3 and 4 don't give 
further solutions of the equation z? = 1 in Example 15, let’s try some of 
these other values of m, to see what happens. 


For example, if you take m — 5, then you obtain the solution 


107 Add 107 
= —— isin | — |. 
z = cos 5 5 


Since 107/5 = 2r = 27 + 0, this solution is the same as the solution zo 
found in the example. Similarly, if you take m — 6, then you obtain the 
solution 


127 aa 127 
= cos | — isin | — |. 
ge 5 5 


Since 1277/5 = 2r + 27/5, this solution is the same as the solution z1 found 
in the example. Once you've taken m to be 0, 1, 2, 3 and 4, the solutions 
that you obtain just start to repeat. The same thing happens if you take 
negative values of m. 


Here's an algebraic explanation of this repeating behaviour. When you use 
the method in Example 15 to find the nth roots of unity for some value 
of n, each possible value of 0 is of the form 


2mm . . 
0 = ——, where m is an integer. 
n 


Consider any integer m. It can be written in the form 
m -qn-r, 


where q is an integer and r is the remainder after m is divided by n. (For 

example, if n = 5, then the integer m = 14, for instance, can be written as 

14 = 2 x 5 + 4.) So the value of 0 corresponding to m can be written as 

2(qn 4- r)x 
n 


2rm 

d= =q X 27+ —, 
n 

where q is an integer, and r is one of the integers 0,1,...,n — 1. That is, 
the value of 0 corresponding to m differs from the value of 0 corresponding 
to one of the integers 0,1,...,n — 1 by an integer multiple of 27. Hence 
the solution z arising from the integer m is the same as the solution arising 
from one of the integers 0,1,...,n — 1. 


'The following box summarises the main steps of the method used in 
Example 15. The method is stated for a general equation z” = a, where a 
is any non-zero complex number, rather than just for equations of the form 
z” = 1, because it applies in this more general situation, as you'll see later 
in this subsection. 


Strategy: 
To find the complex solutions of the equation z" — a, where 


(ge 0 
1. Write the unknown z in polar form, in terms of an unknown 


modulus r and an unknown argument 0, and write the number a 
in polar form. 


2. Substitute the polar forms of z and a into the equation, and apply 
de Moivre's formula to find the polar form of the left-hand side. 


3. Compare moduli to find the value of r. 
4. Compare arguments to find n successive possible values of 0. 
5. Hence write down the n possible values of z. 


It is usually convenient to use arguments in the interval [0, 27). 


'The solutions found in Example 15 were left in polar form because in that 
form they're exact, and it’s difficult to find the exact Cartesian form of all 
of them. Also, the polar form helps you to see that the solutions give five 
equally spaced points around the unit circle. The solution zy was given in 
both polar form and Cartesian form. This is because its Cartesian form is 
so simple (zo — 1) that it would be strange not to mention this. 


In the next activity you're asked to find roots of unity in both polar form 
and Cartesian form, because it's fairly straightforward to give exact 
solutions in both forms. You saw the solutions of the equation in part (a) 
of this activity earlier in the subsection, but you should obtain them again, 
using the strategy. 


Activity 33 Finding roots of unity 


Solve the following equations. Give your answers in both polar form and 
Cartesian form. Sketch the solutions in the complex plane. 


(a) a9 =1 (b) z*—1 (c) 29 — 1 


Now let's look at equations of the form 
"=a; 


where a is any non-zero complex number. Before we use the strategy above 
to solve an equation like this, let’s look at a particular example of such an 
equation. 


Consider the equation 
2 = -8. 


It has one real solution, namely —2, because (—2)? = —8. It also has two 
other complex solutions, namely 1 + 4/3 and 1 — i3, which you can check 
yourself. All three solutions are shown in the complex plane in Figure 17. 
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Figure 17 "The cube roots of —8 


The three solutions don't lie on the unit circle; instead they lie on the 
circle of radius 2 centred at the origin. To see why, suppose that z is any 
solution of the equation, so z? = —8. Taking the modulus of both sides of 
this equation gives 


|| 8, so |zP=8. 
'Therefore 
|z| = 8/3 — 2. 


'That is, z has modulus 2, and therefore lies on the circle of radius 2 
centred on the origin. 


It appears from Figure 17 that the three solutions are equally spaced 
around this circle, and indeed they are. In general, the following fact holds. 


For each non-zero number a, the equation z" — a has n complex 
solutions, and these are equally spaced around a circle centred on the 
origin. 


'The next example illustrates how to apply the strategy that you've seen in 
this subsection to find all the complex solutions of an equation of the form 
z” =a, where a is non-zero. Again, you might find it helpful to watch the 
tutorial clip. 
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Let z = r(cos0 + isin 0). The complex number 4i has modulus 4 and 
principal argument 7/2, so its polar form is 


4i = 4 (cos > + isin). 


So the equation is 


ole DOTT 
(r(cos 0 + i sin 0)) =4 (cos = + isin Z). 


€, Use de Moivre’s formula to find the polar form of the left-hand 
side. @ 


De Moivre’s formula gives 
r^ (cos 40 + isin 40) = 4 (cos ; T isin Z) à 


€ Find r by comparing the moduli of each side of the equation. ® 
Comparing moduli gives 
r^ —4, so r — 44 = 3. 


€. Find 0 by comparing the arguments of the two sides of the 
equation. £9 


Comparing arguments gives 


40 — - 2mm, where m is an integer. 


Therefore 
"T mm : : 
9 3 + F where m is an integer. 


€. Find the values of 0 given by m = 0, 1, 2, 3. ® 


The values of 0 for m = 0, 1, 2, 3 are 

a oor Dar 197 

pM ME ES 
€Q, Write out the solutions. It's convenient to label them as 29, 21, 22 
and Z3. s 


The solutions are 


zo = V2 (cos (Z) + isin (2)) 
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€. Sketch the solutions in the complex plane. Each solution has 
modulus V so they all lie on the circle of radius V2 centred at the 
origin. Sketch the solution zp, and then sketch z1, z2 and z3, in that 
order, by marking regularly spaced points separated by angles 7/2 
anticlockwise around the circle. £9 


As expected, the solutions of the equation z^ = 4i in Example 16 are 
equally spaced round a circle centred on the origin. Note that the infinitely 
many possible values of the argument, 0 = 7/8 + m7/2, where m is an 
integer, give repeating solutions of the equation z^ = 4i in a similar way to 
the solutions of z" — 1 described earlier. 


Activity 34 Finding roots of complex numbers 


Solve the following equations. Give the solutions to parts (a) and (b) in 
both polar form and Cartesian form, and give the solutions to part (c) in 
polar form only. Sketch the solutions in the complex plane. 


(a) 29$ = 64 (b) 23 = —8 (c) 2 =-1-i 


3.3 The fundamental theorem of algebra 


As you learned earlier, a polynomial equation is an equation of the form 
‘polynomial expression = 0’, where the polynomial expression has degree 
at least 1. The coefficients in the polynomial expression can be complex 
numbers. For example, the following equations are all polynomial 
equations: 


2+1+i=0, 322+ 42-18=0 and 2 -(174+3i)z+2=0. 


The first of these equations can be rearranged as z% = —1 — i, which is an 
equation of the type that you learned how to solve in the previous 
subsection. The second equation is a quadratic equation. Cubic 
equations (such as the third equation above) and quartic equations are 
polynomial equations in which the polynomial expressions have degrees 3 
and 4, respectively. This subsection is about the fundamental theorem of 
algebra, which shows that every polynomial equation has at least one 
solution. 


Before you meet the fundamental theorem of algebra, let's first consider an 
example that will help you to understand it. In Example 12 on page 215 
you saw that the solutions of the quadratic equation z? — 6z + 25 = 0 are 
3 + 4i and 3 — 4i. It follows that you can factorise the quadratic 

z? — 6z + 25 as 


2? — 6z + 25 = (z — (3 + 4i)) (z — (3 — 4i)). 


More generally, if z1 and z2 are the solutions of the quadratic 
equation az? 4- bz -- c — 0 (there may be only one solution, in which 
case z1 = 22), then you can factorise the quadratic az? + bz + c as 


az? +bz +c = a(z — z)(z — 22). 


The fundamental theorem of algebra says that it’s not only quadratics that 
can be factorised like this, but in fact any polynomial expression can be 
factorised in a similar way. 


The fundamental theorem of algebra 
Every polynomial 

UM A ooo E 
of degree n > 1 has a factorisation 

an(z — z1)(z — 22): - (z — 24), 


where 21, 22,.--, 2, are complex numbers, some of which may be 
equal to others. 


'The fundamental theorem of algebra was first proved by 

Carl Friedrich Gauss, and a proof was also given by Argand, who was 
mentioned in Subsection 2.1. The proof requires techniques more advanced 
than those in this module and is given in higher-level modules. 


'The fundamental theorem of algebra tells you that any polynomial 
equation, say 


anz? «daas ees ape + ag ss 
can be written in the form 


as(z — 21)(z — z2)--- (z — zn) = 0. 
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It follows that the polynomial equation has solutions 21, z2,..., Zn, some of 
which may be equal to others. In particular, every polynomial equation has 
at least one complex solution. 


Although the fundamental theorem of algebra tells you that every 
polynomial equation has at least one complex solution, it doesn't tell you 
how to find any solutions. Often finding solutions is difficult, and you have 
to use a computer. You can learn how to do that in the next activity. 


Activity 35 Solving polynomial equations with the CAS 


Work through Subsection 13.2 of the Computer algebra guide. 


Insolvability of the quintic 


Not only is there a formula for the solutions of a quadratic equation in 
terms of its coefficients, but there are also formulas for the solutions 
of cubic equations and quartic equations in terms of their coefficients. 
These formulas are long, and difficult to evaluate without a computer. 
For polynomial equations of higher degree, however, it's impossible to 
find formulas involving the usual arithmetic operations that give all 
the solutions of all the equations. For example, the quintic equation 


z 324620 


is said to be insolvable because, although it has five solutions, it’s 
impossible to obtain these solutions from the coefficients 1, 3 and 6 by 
using only the operations +, —, x, + and V. 


One of the first mathematicians to develop the theory of insolvable 
polynomial equations was the French Republican Évariste Galois 
(‘Galois’ is pronounced ‘Gal-wah’). Galois’ discoveries led to the 
development of the subject now known as Galois theory, in which the 
solutions of polynomial equations are studied systematically. Sadly, 
Galois didn't receive full recognition for his work in his lifetime, 
because he died aged only twenty, as a result of a duel. 


Évariste Galois (1811-1832) 


4 Exponential form 


In this section you'll learn about a more concise version of polar form, 
called exponential form. You'll see that when you write complex numbers 
in exponential form, some of their properties, such as the formula for 
multiplication and de Moivre's formula, become more intuitive. 
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4.1 Euler's formula 


To find the exponential form of a complex number from its polar form, you 
use a formula called Euler's formula. This formula gives a meaning for the 
expression e’”, where 0 is a real number. So far you've learned what the 
expression e” means only when z is a real number, but you can get some 
idea of what the natural meaning of e? might be by considering Taylor 
series. Recall from Unit 11 that the Taylor series about 0 for e” is 
IM c m m 

=le tatata tatt 
Let's try substituting i0 for x in this series. Since you've learned about 
'Taylor series only for real numbers, you haven't been shown that you're 
allowed to do this (in fact you are: it's justified in more advanced 
modules). Nonetheless, you'll see that the substitution can help you 
understand why Euler's formula makes sense. We obtain 


i ca (0P G0 GD”. OB). GO). Cay" 
eee ee, 3! 4! 5! 6! 7! 
" ipu EU i20? " i20? i40^ i909 i608 i760" 
=1+i 


ar ^w ^r^ Ww 
'To simplify this expression, notice the following pattern: 
l1, isi, ®=-1, P=-i, i$ -1 si.. 
This pattern 1,;,—1,—i repeats. 


(You may remember this pattern from Activity 6.) It follows that 
2 3 gt 05 6 9 


7 " E a A P 6 9 
=e or tat we at g gom 


You also saw in Unit 11 that the Taylor series about 0 for cos 0 and sin 0 are 


ae og p E og g 
Sl a va a and sin? =t- ataa S 
Therefore 
e? = cos 0 + isin 0. 


This equation is Euler's formula. It’s named after its discoverer, the 
Swiss mathematician Leonard Euler (1707-1783), who was mentioned in 
Unit 3. Euler obtained the formula in much the way that we have. 


The manipulation above shows that if the Taylor series about 0 for e” is 
valid with i0 instead of x, then Euler’s formula must hold. So Euler’s 
formula seems to be the natural definition of e?, and hence we use it to 
define e. 
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Euler's formula 


Let 0 be a real number. Then e?? is defined by Euler's formula 


e”? = cos + isin 0. 


When 0 = 7, Euler’s formula says that eT = cos + isin7; that is, 
e'" = —]. This equation can be rearranged to give the equation below, 


which is known as Euler’s equation. 


Euler’s equation 
e™+1=0 


This equation, which is also sometimes called Euler’s identity, is one of the 
most famous equations in mathematics, because it relates the five 
fundamental numbers 0, 1, i, e and s. 


Euler's formula e? = cos 8 + isin 0 tells us that a complex number z in 
polar form 


z = r(cos 0 + isin 0) 


can be written in a more concise way as 
z — ref. 

'This is the ezponential form of a complex number, promised at the start of 

this subsection. 


Exponential form of a complex number 


A non-zero complex number z is in exponential form if it is 
expressed as 
z — ref, 


where r is the modulus of z and 0 is an argument of z. 


For example, because the complex number 3; has modulus 3 and principal 
argument 7/2, it has exponential form 3e/7/?. It also has other exponential 
forms, corresponding to different choices of argument of 3i, such as 3e°%/2 
and 3e?77/?. However, you should use the principal argument when 
writing a complex number in exponential form, unless there's a good 
reason not to do so. 


'The number 0 doesn't have a polar form, as you've seen, and it doesn't 
have an exponential form either. When working with complex numbers in 
exponential form, you should write the number zero using the usual 
symbol 0. 


Because the exponential form of a complex number is just a concise way to 
write its polar form, the process of converting between the Cartesian and 
exponential forms of a complex number is much the same as the process of 
converting between its Cartesian and polar forms, which you learned in 
Section 2. 


Example 17 Converting from exponential form to Cartesian form 


Write the complex number 4e-97//6 in Cartesian form. 


Solution 


@. Write the number in polar form, evaluate the cosine and sine, and 
multiply out the brackets. ® 


ae e c (-=) +isin (-=)) 
TER 


You can use your solutions to Activity 20 on page 203 to help you with the 
next activity. 


Activity 36 Converting from exponential form to Cartesian form 
Write the following complex numbers in Cartesian form. 
(a) 3e? (b) qeu (c) 6e" (d) eur (e) 5e-*7 

(£) 4ei7/3 (g) 9e-in/A (h) V3e9ri/6 


Example 18 Converting from Cartesian form to exponential form 
Write the complex number 1 — 7 in exponential form. 

Solution 

€ First find the modulus. £9 


The modulus is 


-ea = vERT- Vi. 


®© 
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You can use your solutions to Activity 21 on page 205 to help you with the 
next activity. 


Activity 37 Converting from Cartesian form to exponential form 


Write the following complex numbers in exponential form. 
(a) Tij (b) 4i (c) -3 (d2 (e) 1+i (f)1-iy3 
(g) -v3-i (b) 2/3— 2i 


It's often better to use the exponential form re’? of a complex number, 
rather than its polar form r(cos 0 + isin 0), because it’s shorter. Another 
reason for preferring the exponential form is that some of the formulas 
involving polar form that you met earlier become more intuitive when 
complex numbers are expressed in exponential form. 


Consider, for example, the formula for the product of two complex 
numbers in polar form: 


r(cos@ + isin 0) x s(cos ġ + isin 9) = rs(cos(0 + ¢) + isin(0 + ¢)). 
——M——M— M ——— 
rei seió rsei(O+e) 


If you write the complex numbers in exponential form, then this formula 
becomes 


re” x se’? = rse (09). 


This version of the formula is more intuitive, and hence easier to remember 
and use, because it agrees with the usual index laws for multiplying powers 
of a real number. 
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In particular, when r — s — 1 you obtain the following equation, which 
looks like it follows from a familiar index law, but involves complex 
numbers. 


coi’ — pi(6+d) 


Similarly, de Moivre’s formula, 
(r(cos 0 + isin 8))" = r"(cosn0 + isin n6), 

is simpler and more intuitive when written using exponential form: 
(re?) = prin, 


Choosing r = 1 gives the rule below, which again looks like it follows from 
a familiar index law, but involves complex numbers. 


Activity 38 Writing a formula for the quotient of two complex 
numbers in exponential form 


'The formula for the quotient of two complex numbers in polar form is 
r(cos 0 4- isin 0) 
s(cos ¢ + isin Q) 


Write this formula using exponential form. 


= -(cos( — $) - isin(0 — @)). 


Activity 39 Working with complex numbers in exponential form 


Express each of the following products, quotients and powers of complex 
numbers as a single complex number in exponential form. 
e37i/8 et /8 


Vm T iT 4 
(a) € /8 x e /8 (b) (e /8) (c) PZA d c3niJ8 


You can use Euler’s formula to obtain further useful formulas, by 
combining it with properties of sine and cosine. For example, if you replace 
0 by —0 in Euler's formula then you obtain 


e ?? = cos(—6) + isin(—6). 
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You saw in Unit 4 that 


cos(—0) =cos@ and  sin(—0) = — sin 6, 
which give the following formula for e-??. 


e? = cos 0 — isin 0 


Since cos 0 — isin @ is the complex conjugate of cos 0 + isin 6, we can make 
the following useful observation. 


The complex conjugate of e” is e-9. 


ið — cos — isinÓ is used in the next subsection to obtain 
—i 


'The equation e^ 
formulas for sin 0 and cos in terms of e? and e 


Activity 40 Proving an identity by using Euler's formula and 
properties of sine and cosine 


Using Euler’s formula, prove the identity 
c0 25) _ oih, 


Complex impedance 


In an electrical circuit powered by a direct current (from a battery, 
for example), the current J, measured in amperes, and the voltage V, 
measured in volts, are related by Ohm /s law, which says that 


ym 
where R is the resistance of the circuit, measured in ohms. 


The electric power in our homes is not supplied by a direct current. 
Instead it's supplied by an alternating current, generated by an 
alternating voltage. T'he intensities of the alternating current J and 
voltage V oscillate with time, and are typically given by equations 
such as 


J=Josinwt and V =Vosin(ut + ¢), 


Most large wind turbines where Jo and Vo are the maximum values of the current 
generate an alternating and voltage, respectively, w determines the rate of oscillation 
current of both the current and the voltage, and ¢ measures how 


far the current and voltage are from being synchronised. 
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The graphs of these equations are illustrated in Figure 18. 


J^ VA 
Yr 
Jo7 
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(a) (b) 


Figure 18 The graphs of (a) J = Jo sin wt (b) V = Vosin(wt + à) 


Electrical engineers use complex numbers in exponential form to 
manipulate equations arising from alternating currents. They define 
the complex current J to equal Joe“ and the complex voltage V to 
equal Vge/(*t*9). Tt follows that 


Im(J) = Im(Joe'^*) = Jo sin wt 
and 

Im(V) = Im(Voe"“"t®)) = Vo sin(wt + ¢). 
So the current J is the imaginary part of the complex current J and 
the voltage V is the imaginary part of the complex voltage V. The 
complex impedance Z is defined to be the ratio V/J. It can be shown 
that Z measures the various ways in which an electrical circuit resists 


the flow of an alternating current. By rearranging the equation 
Z — V/J you obtain a version of Ohm’s law for alternating currents: 


W = f. 


The actual alternating voltage can be found by comparing the 
imaginary parts of each side of this equation. 


In Unit 4 you saw some trigonometric identities, such as 
sin 28 = 2sinĝcosð and  cos20 = 2cos? 0 — 1. 


In this final subsection you'll learn how you can use de Moivre's formula 
and Euler's formula, together with the binomial theorem from Unit 10, to 
obtain new trigonometric identities. T'his illustrates the fact that 
techniques involving complex numbers can often be used to deduce results 
about real functions. 
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One way to find new trigonometric identities is to use the special case of 
de Moivre's formula given in the box below. It's obtained by taking the 

modulus r to be 1 in the general formula on page 211 and swapping the 

sides. 


Special case of de Moivre's formula 


cos nÓ + isin n0 = (cos 0 + i sin 0)" 


Example 19 Using de Moivre's formula to find trigonometric 
identities 
Use de Moivre's formula to obtain the following trigonometric 
identities: 
cos 30 = 4cos? 6 — 3 cos 0 
sin 30 = 3 sin 0 — Asin? 0. 
Solution 
€. Use the special case of de Moivre’s formula. Because the required 
identities involve 30, take n = 3. ® 
By de Moivre's formula, 
cos 30 + isin 30 = (cos@ + isin 0)? 
@. Apply the binomial theorem. © 
= (cos 0)? + 3(cos 0)? (i sin 0) + 3(cos 0) (i sin 0)? 
+ (i sin 8)? 
= cos? 0 + 3i cos? Ø sin 0 — 3 cos sin? 0 — i sin? 0 
= (cos? 0 — 3 cos 0 sin? 0) + i(3 cos? 0sin 0 — sin? 0). 
€. To obtain the first identity, use the fact that the real part of the 


left-hand side is equal to the real part of the right-hand side. To 
express sin? 6 in terms of cos, use the identity sin? 0 + cos? 0 = 1. @ 


Therefore 
cos 30 = cos? 0 — 3 cos @sin? 0 
= cos? 0 — 3 cos 6(1 — cos? 0) 
= 4cos? 0 — 3 cos 0 


€, To obtain the second identity, use the fact that the imaginary part 
of the left-hand side is equal to the imaginary part of the right-hand 
side. @& 


When you've obtained a new trigonometric identity, it's worth trying it out 
with some specific values of the variable 0, to check that you haven't made 
an error. Consider, for example, the identity obtained in Example 19: 


cos 30 = Acos? 0 — 3 cos 0. 


When 0 — 0, 
LHS=1 and RHS=4-3=1. 
When 6 = 7/3, 


LHS =-—1 and RHS—-4x(ij-3xi--1 
When 6 = 7/2, both LHS and RHS are 0. 


So the identity certainly holds for these particular values of 0, as expected. 


Activity 41 Using de Moivre's formula to find trigonometric 
identities 


Use de Moivre's formula to obtain the trigonometric identities 
cos 40 = 8cos! 0 — 8cos? 0 + 1 
sin 40 = 4 sin 0 cos 0(cos? 0 — sin? 6). 


To keep your working short, you may find it helpful to write c = cos 0 
and s = sin 0. 


Another way to obtain new trigonometric identities is to start by finding 
formulas for sin Ó and cos 0 in terms of e? and e^??, where 0 is a real 
number. To do this, recall Euler's formula and the complex conjugate form 
of Euler's formula, obtained in the previous subsection: 

c? 


e? = cos 0 — isin. 


= cos + i sin 0 


Adding the two equations gives 


eid 4 e i8 
e? +e — 26080, so — 3 — 7 608 9. 
Subtracting the bottom equation from the top equation gives 
cif — e~it 
e? — e71? = 9igin0, so PE ES sin 0. 
i 


These are the formulas that we need. 
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ci? + e? 
cos = 
2 
. 207 e i? 
sin 6 = - 
27 


'The next example shows you how you can use the first of these formulas to 
obtain a trigonometric identity. (In fact this trigonometric identity is one 
of the identities from Example 19, in a rearranged form.) You also have to 
use the rules below, which you met in the previous subsection. 


» Example 20 Using the formula cos0 = 3 (e'* +e") to obtain a 
— trigonometric identity 


Use the formula cos 0 — - (e? + gu to obtain the identity 
cos? 0 = 1 (cos 30 + 3 cos 0) . 
Solution 


We have cos 0 = E (ce? + e7*9). Therefore 
lle ANE 
cos? = 28 C + ce) 
€ Use the binomial theorem. ©& 


il f ; 
= (Cay a Be ren” a Be“ (e 2)? at (e) 
@. Simplify by using the rule (e*°)” = e/n?, @ 
_l o + 3e emi? 4 301957200 |. m) 
8 
€. Simplify by using the rule ee’? = e+), @ 
_ : a + 36! + 3e719 + d 


@. Rearrange to obtain expressions of the form G +e), and 
then use the formula given in the question again. ® 
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il 
= (cos 30 + 3cos 0). 


Activity 42 Using the formulas cos 0 = + (e'* + e^) 
and sin 9 = + (e'? — e^) to obtain trigonometric identities 


Use the formulas 
1.2; f 1 . : 
cos = = (e^ + e?) and sinb = — (e? = e) 
2 21 
to obtain the following identities. 


(a) sin? 0 = 1 (3sin 0 — sin 30) (b) cos! 0 = 1 (cos 40 + 4 cos 20 + 3) 


'The examples and activities in this section have shown you how to use 
complex numbers to deduce new trigonometric identities that express 
sinnô and cos nO in terms of powers of sin 0 and cos0, and vice versa. This 
should have given you some idea of the power of complex numbers, and an 
appreciation of the fact that their uses are far from ‘imaginary’. 


Quaternions 


You've seen that when you work with complex numbers, you're 
performing arithmetic with pairs of real numbers. The Irish 
mathematician William Rowan Hamilton was the first to realise how 
to perform arithmetic with quadruples of real numbers. He did this, 
in a flash of inspiration, while walking beside the Royal Irish Canal 
near Dublin on 16 October 1843. His idea was to use numbers of the 
form a + bi + cj + dk, where a, b, c and d are real numbers, and 

P =p =k? =k = —1. 
Hamilton scratched this foundational equation on to Broom Bridge as 
he passed by. His scratches are no longer visible and instead a plaque 
records the event. Hamilton called his new system of numbers the 
quaternions. You can perform all the usual arithmetic operations 
with quaternions, with one crucial difference: multiplication is not 
commutative. For example, you can show that 


The plaque on Broom Bridge, 
Dublin, that marks 
Hamilton’s discovery 


ij =k, whereas ji =—k. 


Soon after the discovery of the quaternions, a system of arithmetic 
with octuples of real numbers was developed, called the octonions 
(or Cayley numbers). Multiplication of octonions is neither 
commutative nor associative. This makes them tricky to manipulate! 
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lm sorry, the 
number you have 
dialled is imaginary. 
Please rotate your phone 
through 90 degrees 
and redial. 
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Learning outcomes 


After studying this unit, you should be able to: 


e understand what complex numbers are, and carry out arithmetical 
operations on them 


e work with the complex plane 
e understand modulus and argument 


e understand the polar form of a complex number, and convert between 
Cartesian form and polar form 


e multiply and divide complex numbers in polar form 

e understand and use de Moivre’s formula 

e find all solutions of quadratic equations, including complex solutions 
e find roots of complex numbers 

e understand the fundamental theorem of algebra 

e state Euler's formula 


e understand the exponential form of a complex number, and convert 
between this form and other forms 


e use de Moivre's formula and Euler’s formula to obtain trigonometric 
identities. 


Closing remarks 


Closing remarks 


Well done for completing MST124 (or skipping to the last page)! You've 
covered a broad range of topics, which will provide you with the essential 
mathematical skills that you need to develop as an engineer, scientist, 
economist or mathematician. 


Let's review some of the key topics that you met, and see how they fit 
together. You learned a good deal about functions, which are among the 
most fundamental objects in mathematics. The exponential function is of 
particular significance, not least because of its use in exponential models of 
real-life situations. The trigonometric functions are also of great 
importance, and their many practical applications include measuring 
distances and modelling waves. In this final unit you met Euler's 
remarkable formula et? = cos 0 + isin 0, which brings together the 
exponential and trigonometric functions by using complex numbers. With compound interest, 
savings increase exponentially 


Another class of functions that you studied are the polynomial functions. 
You saw that you can approximate functions by Taylor polynomials, which 
is often extremely useful for understanding properties of functions and 
performing calculations with them. 


You saw that functions and sequences can be represented geometrically by 
their graphs. Graphs help to quickly communicate the key properties of 
functions and sequences, and they also provide a simple way to represent 
physical quantities such as velocity and acceleration. 


Through studying gradients of graphs you came to learn about 
differentiation, and then about integration, which is the reverse of 
differentiation. The theory surrounding these two concepts, which is 
known as calculus, is an essential part of almost every discipline that 
involves mathematics, from finance to medicine. You'll make good use of 
calculus in higher-level modules involving mathematics. 


In Unit 5 you learned about another way of modelling real-life phenomena, 
namely by using vectors. Trigonometry is crucial when you're working 
with vectors, because you can use it to calculate the directions of vectors. ^ The acceleration of a diving 
You also learned some geometry in Unit 5, and then, in this final unit, you Peregrine falcon can be 
saw how by using the complex plane you can associate the rich structure of represented by a graph and 
the complex numbers with two-dimensional geometry. analysed using calculus 


Yet another central topic that you encountered is matrices, which have a 
huge range of applications, in modelling networks, solving linear equations, 
higher-dimensional calculus, and many other topics. 


The MST124 authors hope that you feel inspired to continue to study 
mathematics, whether it’s through engineering, science, statistics or any 
other subject with a mathematical component. 
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Solutions to activities 


Solution to Activity 1 


Solution to Activity 2 
(a) (2-- 5i) + (—7 + 13i) = (2+ (—7)) + (5 + 13)i 


— —b5 + 18i 
(2+ 5i) — (—7 + 13i) = (2 — (—7)) + (5 — 13) 
—9-—8i 
(b) (—42) + (—92) = ((—4) + (—9))i 
= —13i 
(—42) — (—92) = ((-4) — (79) 
=5i 
(c) (3—7i) + (3 — 7i) = (3 + 3) + ((—7) + (-7))i 
—6-— 14i 
(3 — Ti) — (3— 7i) = (3-3) + ((-7) - (-7))i 
=f) 


(d) (3+ 7i) + (3— 7i) = (34-3) + (7 + (-7))i 
6 

(3 = 3) + (7— (-7))i 
14i 


(8d 0 (a 


resins s 
oO 
~~ 
a. 
alr 
l 
[Vv 
~ 
bd 
+ 
we, 
| 
w= 
+ 
Ole 
~ 
Seo 


l 
wl 
hdi 
x 

+ 
a 

l 
w= 
Sa 

+ 
Ole 
b 

> 


(f) z+w = 1.2 4- 3.4 
z-w=1.2-3.42 
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Solution to Activity 3 

(a) u+utw = (4+ 6i) + (—3 + 52) + (2 — i) 
= (4+ (—3) + 2) 4- (6-5 + (-1))i 
— 3 10i 

(b) By part (a), 

w-Fv-cu-udv-dcw-34 10i. 

(c) u—-(v-w)-2u-v-w 
= (4+ 6i) — (—3 + 5i) — (2— i) 
= (4 — (—3) — 2) + (6 — 5 — (—1))i 
— 5-F 2i 

(d u-(v—w) =u-v+w 
= (4+ 6i) — (—3 + 5i) + (2 — i) 
= (4— (-3) + 2) + (6 — 5 + (—1))i 
=9 


Solution to Activity 4 
(a) (1 +3i)(2 + 4i) = 2 + 4i + 6i + 127? 
= 2 + 4i + 6i — 12 
= —10 4 10i 
(b) (-2-- 3i)(4 — 7i) = —8 + 14i + 12i — 21i? 
= —8 + 14i + 12i + 21 
= 13 + 26i 
(c) 3i(4 — 5i) = 12i — 152? 
= 12i +15 
— 154 12i 
(d) 7(—2 + 5i) = —14 + 35i 
(e) (2— 3i) (2 + 3i) = 4 + 6i — 6i — 9i? 
—44-6i— 6i 4-9 
=13 
(f) ($+%) (1444) =$4414+i14+47 
=4+hi+i-3 


_ 5; 


Solution to Activity 5 
(a) u(v +w) = (14- 22)((4 — 3i) + (—1)) 
= (1+ 23)(4 — 4i) 
= 4 — 4i + 8i — 8i? 
=4—4i+8i +8 
= 12 + 4i 
(b) By part (a), 
uv + uw = u(v + 
(c) wow = (1 + 2i)((4 — 3i)( —1)) 


(v +w) = 12 + 4i. 
( 

= (1 + 2i)(—4i + 3i?) 
(= 


= (1 + 2i)(—3 — 4i) 
= —3 — 4i — 6i — 8i? 
= —3— 4i — 6i +8 
=5-— 10i 
Solution to Activity 6 

i? =1 

il =i 

f ee 

È = (ii-(-1i--i 

i^ = (i = (—i)i = —i? = 1 

i = (ii = (Iji = i 


ie = (i)i = (iJi = —1 


The powers of i are, in order, 


1, EMEN 1, =i, 1, i, =l; =i a 
————————— 


This pattern repeats 


Solution to Activity 7 
Since 
(3i)? = 3772 = 9 x (-1) = -9, 
it follows that 37 is a square root of —9. Since 
(—32)? = (-3)4?? =9 x (-1) = —9, 
it follows that —37 is also a square root of —9. 
Solution to Activity 8 
(a) 4 — 2i 
(b) —3 + 8 
(c) — 
(d) 5 


Solutions to activities 


Solution to Activity 9 


As z = a + bi, it follows that w = Z =a — bi. 
Therefore 

UW-—a-—bi-a-dbi-z. 
Solution to Activity 10 
Let z = a + bi. 
(a) z +Z = (a+ bi) + (a — bi) = 2a = 2Re(z) 
(b) z — z = (a + bi) — (a — bi) = 2bi = 2i Im(z) 
Solution to Activity 11 
(a) (2 +3i)(2 — 3i) = 2? +3°=4+9=13 


(b) (—1 = 2i)(—1 + 2i) = (1)? + (2)? =1+4=5 
(c) (5i) x (—5i) = 5? = 25 
(d) (-2) x (-2) 24 
Solution to Activity 12 
NM —2 — 3i 
(8) — 3i ^ (C34 88(-2 30 
|| -2-Bi 
FF 
| —-2- 3i 
13 
2i —— 2i(1— i) 
PI G+H- i) 
| 2 — 2i? 
~ P+? 
|.242i 
MES 
=1+i 


(c) To simplify this fraction, you could multiply the 
top and bottom of the fraction by the complex 
conjugate of the denominator, namely —2i. 
However, it’s simpler to multiply the top and 
bottom of the fraction by —i, as follows. 

11-8i (11 — B8i)(—i) 
2i (~i) 
_ —lli + 8i? 

BEES 

—112—8 
2 

—8— 11 
2 
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ger NL. Solution to Activity 14 
i 4x (=i) 1 (The lines in the diagrams below are included to 
1 i $ help you see how the answers are obtained. For 
(e) = axi dq example, in part (a) the parallelogram law is used 
(f A+ Ti _ (4 + Ti)(—1 — 2i) to ae z+w. Your solutions needn't include such 
i+ (121-2) lines.) 
|| —4-8i— 7i — 14i? (a) 
E 
.. 10- 15i f zcw 
SS E " 
—2—39i 
(a) E : _ (8:3) - 3i) 3 
+3i  (14- 30)(1 — 3i) - 
| 8-24i + 3i — 977 
=— Es - 
_ 17-21% 
|. 10 
"ELLE (—2 + 5i)(—4 + i) 
424  (-4—0)(-44 1) (b) 
| 8- 2i — 20i + 5i? 
eae) ^ 
| .3-22i 
17 
Solution to Activity 13 pec | 22 
, » 
4,9 
—3 + 2i 
° 
ZOA 
Lie $ (c) 
A 
n. — 4a 
z 


XI 
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Solutions to activities 


(d) (c) ]0| 2 0 
(d) |-31| 231 
(e) |17i| = V172 = 17 


() |r- iis] = 7 (-vas)' 


(g 14i = VP +12? = v2 
(h) |19 + 19;| = V19? + 19? = V19? x 2 = 19/2 


(i) |-4- yC =1 


Solution to Activity 16 
Since z = a + bi, it follows that 


=g === bi 
and 
(f) Z=a-— bi. 
Therefore |z|, |—z| and |Z| are all equal to Va? + b?, 
: so they are all equal. 
v. Solution to Activity 17 
1 ET 2i N 
z Ge a re RE = 
2+i |2+i?2 2+1? 5 
| 1 =E 
b = 
b) 3 |-1- 33/2 
ace -14 3i 
z ape NT 
CFF 
| -148i 
|. 10 
Solution to Activity 15 (c) You could use the formula 
(a) |3-- 4i| = V3? +P = /9 116 = V5 — 5 “= 
z k 
(b) |- 4+ 3i| = y (74)? + 3? to find 1/2i, but it's easier to multiply the top 
= y/164-9 and bottom of the fraction 1/26 by i to give 
= v25 Lodi rd. 
—5 2i 5 i m 2X 
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Solution to Activity 18 
(a) 


SCIES 


From the diagram, Arg(7i/2) = 7/2. 


(b) 


—44 


From the diagram, Arg(—4i) = —7/2. 


(c) 


From the diagram, Arg(—3) = 7. 
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From the diagram, Arg(2) — 0. 


Solution to Activity 19 
(a) 


From the diagram, 
1 
tan = — = 1. 
1 
So the principal argument is 0 = 7/4. 


Alternatively, you may see immediately from 
the diagram that the principal argument is 7/4, 
because it/s half a right angle (7/2 radians). 


From the diagram, 
3 
tang = ue = V3. 
Therefore ¢ = 7/3. So the principal argument is 


T 


(c) 


From the diagram, 


1 
tano = —=. 
mae 
Therefore ¢ = 7/6. So the principal argument is 
T OT 
(n-$)=-(r- 5) --5 


DCE 
z = 2/3 — 2i 


Solutions to activities 


From the diagram, 


oe 2 1 
ano = —= = —. 
2/3 v3 
Therefore ¢ = 7/6. So the principal argument is 
T 
0 = —-ọ = —-. 
? 6 


Solution to Activity 20 
(a) 3(cos0 + isin0) = 3(1 +0) 2 3 


(b) 7 (cos (z) + isin (2)) =7(0 +i) — Ti 
(c) 6(cosz + isin r) = 6(—1 + 0) = —6 
(d) cos (-5) +isin (-<) =0-i=-i 
(e) 5(cos(—7) + isin(-7)) = 5(—1 + 0) = —5 
TN |. fT 1 .J3 
O a(o (F) tisa (F)) =a (3) 
=2+2V3i 
(g) 2 (cos (-7) +isin (-7)) =2 (= E A) 
= V2 — i2 


3 
2 2 
Solution to Activity 21 
(a) The modulus is 7/2. From Activity 18(a), the 
principal argument is 7/2. Therefore 


Gs of T se 
i= 3 (008 (5) + (3)) 
(b) The modulus is 4. From Activity 18(b), the 
principal argument is —7/2. Therefore 


—4i = 4 (cos (-7) +isin (-2)) i 
(c) The modulus is 3. From Activity 18(c), the 
principal argument is 7. Therefore 
—3 = 3(cos m + i sin 7). 
(d) The modulus is 2. From Activity 18(d), the 
principal argument is 0. Therefore 
2 = 2(cos0 + i sin 0). 
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(e) 


The modulus is 


r—124-1 = VI FI = V2. 
From Activity 19(a), the principal argument is 
7/4. Therefore 


1+i= V2 (cos (7) + isin (7)). 


The modulus is 


r= y 12 + (-V3? = VI F3 = V4 =2. 


From Activity 19(b), the principal argument is 
—r/3. Therefore 


1—iv3=2 (cos (-5) +isin (-£)) ; 
The modulus is 


r= y(-V3? + (-1? = V3F I= v4 =2. 


From Activity 19(c), the principal argument is 
—5r/6. Therefore 


-/3—-i-2 c (-X) + isin (-=)) . 


The modulus is 


r= V (v3)? + (-2)2 = VITA = vÀ6 - 4. 
From Activity 19(d), the principal argument 
is —7/6. Therefore 


2/3 —2i —4 (cos (-2) +isin (-2)) ; 


Solution to Activity 22 


(a) 


(b) 
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i0)) 


zw = 48 (cos (7 + T) | isin (7 + 
i 5 10/ 5 


zw = 40 (cos (= + zy 
8 4 
— 40 c (=) +isin (=)) 
8 8 


The angle 137/8 lies outside the interval 
(—7, 7], so it isn't the principal argument of zw. 
The principal argument is given by 


137 On = 137 16r u 37 
s 72g B83 g 
Therefore 


3T 
zw = 40 c (-X) 


(c) ET ut 4+ isi M ct 
c ZW = cos 9 1 9 9 


167 isi 16r 
= cos | —— isin | — 
co 9 9 


The angle 167/9 lies outside the interval 
(—7, 7], so it isn't the principal argument of zw. 
The principal argument is given by 


167 16r 187 2m 
m= = . 
9 9 9 9 
Therefore 


2m 4 isi 27 
= cos | —— isin | —— |. 
ZW = CO 9 9 


Solution to Activity 23 
The product uvw equals 


Bici e a 
a Oe treg 


"EE 5) +ism (2-4) 
(5) 


(b) 


Elx 


— 
O 
— 


= cos0 + ¿sin 0 


In this case, the Cartesian form of z/w is 1 (as 
you would expect since z = w), which is simpler 
than the polar form. 


Solutions to activities 


Solution to Activity 25 Hence 


(1-3 = (V2? (cos (3 x 1) + isin (3 x 1) 


A 


v2 
T j. 
4 o (2 (ow (8) cim (1)" 
= 12/3 c (=) +7sin (=)) 

From the diagram, Am (Ar 

—i = cos (-z) c isin (-z) ‘ ni (cos (=) TN (2) 
Let z = r(cos0 + isin0). Then ak (3-22) 

z x (-i) 7 2 2 

= r(cos0 + isin 8) x (cos (-3) +isin (-2)) = —8 — 8V3i. 

-—- (cos (0- z) m (0- 7)) l (c) The modulus of —1 + i3 is 


(—1)? (V3? = VI+3 = V4-2. 


The principal argument of —1 + i/3 was found 
to be 27/3 in Example 5 . Therefore 


-1+iv3=2 (cos (=) + isin (2). 


Hence 


(-1-r i3)" 


2 2 
—9 c (7 x =) + isin (z x zy) 
— 128 14r "T 147 
= cos 3 isin 3 . 


Therefore multiplying z by —i corresponds to a 


- 
clockwise rotation through a quarter turn gis om 
(—7/2 radians). 3 - 4r + 3° 
Solution to Activity 26 coe " 
. T ET mu 
(a) The modulus of 1 + i is (-1-- iv3)' = 128 c (=) TEM (2) 
V1? 1? 2 VI +I = v2. _ oa (2 8 
The principal argument of 1 +i was found to B 9 m fup 
be 7/4 in Activity 19(a). Therefore 
l WX 22 Pm = 64(—1 + iv3). 
1+i= v2 (cos (5) T sin 6) s 
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(d) The modulus of V3 + i is 


V (V3? +1? = V3 1- V4 -2. 


From the diagram, 


1 
tan@ = —. 


V3 


Therefore the principal argument is 0 = 7/6. So 


V3+i=2 (cos (5) T isin (2)) : 
Therefore 


(V3 + i)$ 
—92-6 (cos (-6 x =) +isin (-6 x z)) 


- aj eos) T isin(—7)) 


64 
(e) The modulus of 2 4- 2i is 


VEFE = VERi- VE ai 


2+ 2i 


ALA 
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From the diagram, the principal argument is 
7/4. Therefore 
; T 2. fm 
242i = 2V2 (cos (=) Tisin 6) . 
Hence 


(2+ 2i) ? 


= (2V2) c (-X) c isin (-=)) 


Since 


May 3T 
= T = — 
4 4’ 


we obtain 
(2 -- 2i)? 


Solution to Activity 28 
(a) Completing the square on the left-hand side 


gives 

(z—1)? 4120; 
that is, 

(a1) ==], 


Taking square roots of both sides gives 


z=] =F, so z=1+21. 
(b) Completing the square on the left-hand side 
gives 
(z+ 2)?+9=0; 
that is, 
(z+ 2)? — —9. 
Taking square roots of both sides gives 
z+2=+31, so z= —?2 +3i. 


(c) Subtracting 25 from both sides gives 
z2 = —25. 
Taking square roots of both sides gives 


z= +51. 


Solution to Activity 29 


(a) Q2 Det Ve -Axix2 
E 2x1 
729 Ww -4 
B 2 
|o —2rt2i 
ENT 
=-l+i 


(b) You could solve this quadratic equation by 
using the quadratic formula, but it’s easier to 
solve it by factorising, as follows: 

z2? +6z+9=0 
(z+3)? =0 
z+3=0 
z=-3. 
(c) You could solve this quadratic equation by 


using the quadratic formula, but it’s easier to 
solve it by using a simple rearrangement. 


Subtract 5 from both sides of the equation to 


give 
32? = —5; thatis 2° = -2. 
Therefore 
z i : v5 
= +i4/| = = ti—. 
3 v3 
Rationalising the denominator gives 
BENIN: 
ie 9 3 
4+,/(—4)?-4x1x8 
d x t-4) 
2x1 
|. Ax y—16 
i 2 
4+ 4i 
2 
=2+21 


(e) You could solve this quadratic equation by 
using the quadratic formula, but it’s easier to 
solve it by factorising, as follows: 


27 +32=0 
z(z+3) =0 
2t) OF 


z=0 or 


Solutions to activities 


3+ /(-3)? -4x2x5 
2 2x2 
_ 34+ /-31 
i 4 
| 34iVv3l1 
4 


Solution to Activity 30 


(a) A suitable quadratic 


equation is 


(z — (1 + 2%))(z — (1 — 2i)) = 0. 
Simplifying gives 
((z — 1) — 2i)((z — 1) + 27) 20 
(z—-1)-(2if-0 
z2? —2z+1+4=0 
z —2z+5=0. 
(b) A suitable quadratic equation is 
(z — (—3 + 4i))(z — (—3 — 4i)) = 0. 
Simplifying gives 
((z + 8) — 4i)((z 4-3) + 44) 20 
G +3)? — (d)? =0 
2? --6z 4-9 4-16 —0 
z? 4+62+25=0. 
(c) A suitable quadratic equation is 
(z — Ti)(z — (—Ti)) 20 
Simplifying gives 
- (vi = 
z? 4-49 — 0. 


(d) A suitable quadratic 


equation is 


(z— (1+ 34))(z 
Simplifying ke 

((z— 1) — 34)((z 

(2-1)? — (34)? = 


(1—5%)) =0. 


CS 
0 


z? — 2z +3 = 
Az? — 8z +5 — 0. 
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Solution to Activity 32 
(-1 - iv8y b 0542 (vs) 


= 1 +2iv3 -3 
= —2 + 2i V3. 
Therefore 


Cai = (1-08) (4-08) 
z (-2 + 2iv3) (3 una 


2 
= 2 + 2iV/3 — 21/3 — 2i? (v3) 
=2+6 
= 8. 

Hence 
3 3 3 
-1-i/3|  (-1-iv3) 8 E" 
2 i 23 (8 ^7 

(There's another, quicker solution to this activity. 
Let w = 1(-1- i3), so that W = 1 (-1— i3). 
You've already seen that w is a cube root of unity, 
and now you're asked to show that W is also a cube 
root of unity. To do this, take the complex 
conjugate of each side of the equation 


we=1 
to give 

we = 1. 
Since 


ws —WwWxuxw-iüxiüxu-u, 
it follows that 
w? = 1.) 
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Solution to Activity 33 
(a) Let z = r(cos0 + isin 8). Then 
r? (cos 30 + isin 30) = cos 0 + isin 0. 


Comparing moduli gives r? = 1, so r = 1. 


Comparing arguments gives 
30 = 0 + 2m« = 2mm, 


Hence 


9— a 
3 


Taking m = 0,1,2 gives the solutions 


where m is an integer. 


zo =cos0+isin0=1 


2 2 1 3 
Z1 = COS (=) +isin (=) = —— m 


T Ar rer An 1 ] 
Z9 = — in | — | = -= — i—. 
a ge 3 2 79 


where m is an integer. 


V3 


All other values of m give repetitions of these 


three solutions. 


(b) Let z = r(cos0 + isin0). Then 
r^(cos 40 + isin 40) = cos0 + isin 0. 
Comparing moduli gives r^ = 1, so r = 1. 


Comparing arguments gives 


40 = 0 + 2mr = 2mm, where m is an integer. 


Hence 


MT . : 
d= E. where m is an integer. 


Taking m = 0,1,2,3 gives the solutions 
zo = cos0-Fisin0— 1 


= 00s (5) +ésin (5) =! 
zı = cos 5 isin 5 =i 


Z9 = cos Tt + isin mt = —1 


u 37 4 isi 37 EE 
Z3 = cos T isin a =-i. 


All other values of m give repetitions of these 


four solutions. 


zl 
Z2 (ale 
TE Zo 
23 


Solutions to activities 


(c) Let z = r(cos 0 + isin 8). Then 
rÓ(cos 60 + isin 60) = cos 0 + isin 0. 
Comparing moduli gives rê = 1, so r = 1. 


Comparing arguments gives 


60 = 0 + 2mm = 2mm, where m is an integer. 


Hence 


MT . ' 
0 = —, where m is an integer. 


3 


Taking m = 0,1,2,3,4,5 gives the solutions 


zo =cos0+7sin0= 1 


il 3 
Z1 = cos (5) +isin ( = d 


2 2 1 3 
Z9 = COS (F) + isin (5 = 75 443 


Z3 = cos T + isin m = —1 


u Ar € Ar 1 A/S 
Z4 = COS 3 isin 3 5 5 


5r _, (ia 1 V3 
z5 = cos | — | +2zsin| — |] = = — 1—. 
3 3 2 2 


All other values of m give repetitions of these 


six solutions. 
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Solution to Activity 34 
(a) A polar form of the complex number 64 
is 64(cos 0 + isin0). Let z = r(cos0 + isin 0). 
'Then 
rÓ(cos 60 + isin 60) = 64(cos 0 + i sin 0). 
Comparing moduli gives rê = 64, so r = 2. 
Comparing arguments gives 
60 —0--2mm, where m is an integer. 
Hence 


MT E à 
d= EL where m is an integer. 


Taking m = 0,1, 2,3,4,5 gives the solutions 
zo = 2(cos0 + isin 0) = 2 


21—2 (cos (=) +7sin (z)) =1+iv3 


-— AT " Ar 

z4 = 2 | cos 3 isin 5 
5 5 

= 9 c (=) EI (=)) zqosm 


All other values of m give repetitions of these 
six solutions. 
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(b) A polar form of the complex number —8 


is 8(cosz + isin r). Let z = r(cos0 + i sin 0). 
Then 


r? (cos 30 + isin 30) = 8(cosm + isin 7). 
Comparing moduli gives r? = 8, so r = 2. 
Comparing arguments gives 

30 = T + 2mn = (2m + 1)n, 
where m is an integer. 


Hence 


where m is an integer. 
Taking m = 0,1,2 gives the solutions 
T 2. [T : 
262. (cos (5) --Fisin (=) =1+iv3 
zı = 2(cosa+isinaz) = —2 


22 = 2 (cos (=) + isin (=)) =1-iv3. 


All other values of m give repetitions of these 
three solutions. 


(c) The modulus of —1 — i is 


(-1P + (-1)? = VI FI = v2. 


om 


ae 


71 


= 


From the diagram, 
OT 
Arg(—1 — i) = —. 
rg( q=] 
Therefore 


-1 =i = V3 (cos (=) + isin (=) l 


Let z = r(cos 0 + isin 0). Then 
r? (cos 50 + isin 50) 


(e (5) (2) 


Comparing moduli gives r? — V2, so r — 21/10, 


Comparing arguments gives 
50 = 5r/4+ 2m7, where m is an integer. 


Hence 
0-— T n" 2mm 
(4 8. 
Taking m = 0, 1,2, 3,4 gives the solutions 


where m is an integer. 


Zo = 21/10 (cos (7) + isin 6) 
137 137 
_ 91/10 IUH Ok ges foe 
zZ 2 CIC isin (7) ) 
21 21 
29 = 21/10 | cos e lat isin uci 
20 20 
297 297 
_ 91/10 AS ga mr 
zZ 2 CIE isin ($7) ) 
37 
ga 21/10 | cog li + isin a : 
20 20 
All other values of m give repetitions of these 


five solutions. 


Solutions to activities 


Solution to Activity 36 
(a) 3e® = 3(cos0 + isin 0) 
= 3(1-- 0) 
=3 
, T T 
(b) 7e/7/? =7 (cos (5) + isin (2)) 
— "(0 +i) 
=i 
(c) 6e*" = 6(cos m + isin r) 
= 6(—1 +0) 
=—6 
(d) e-*7/? = cos(—7/2) + isin(—7/2) 
=). =4 
Z 
(e) 5e-*" = 5(cos(—m) + isin(—7)) 
=5(14-0) 


(f) 4e"/? = 4 (cos (=) + isin (2)) 
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5ri/6 om TN [3T 
(h) V3e = V3 | cos T +isin T 


3 3 
2 2 


Solution to Activity 37 


(a) From Activity 21(a), the modulus is 7/2 and 
the principal argument is 7/2. Therefore 
PEN 
—42—— 
3" 3" 
(b) From Activity 21(b), the modulus is 4 and the 
principal argument is —7/2. Therefore 
—4i = 4e 17/2, 
(c) From Activity 21(c), the modulus is 3 and the 
principal argument is 7. Therefore 
—3 = 3e". 
From Activity 21(d), the modulus is 2 and the 
principal argument is 0. Therefore 
2 = 2e”. 
(e) From Activity 21(e), the modulus is v2 and the 
principal argument is 7/4. Therefore 
1+i=V2e'"/4. 
(f) From Activity 21(f), the modulus is 2 and the 
principal argument is —7/3. Therefore 
1— iv3 = 2e 17/3, 
(g) From Activity 21(g), the modulus is 2 and the 
principal argument is —57/6. Therefore 
- V8. i = 26-576, 
From Activity 21(h), the modulus is 4 and the 
principal argument is —7/6. Therefore 


23 — 2i = 4e 17/6, 


in/2 
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Solution to Activity 38 


Because 
r(cos0 + isin0) = ret? 
s(cos¢ + isind) = se’? 
~(cos(6 — à) + isin(6 — ¢)) = uc 


the formula for the quotient of two complex 
numbers in polar form can be written as 
i0 
re L T oi(0-9). 
seió s 


Solution to Activity 39 

We use the formulas in the boxes above the activity, 
and the formula from Activity 38. That is, we use 
the usual index laws. 

(a) ei7/8 x e377 /8 = ei (7/8 37/8) 


— ei (47/8) 
— ei7/? 
(b) (e — gi(4xn/8) — pin/2 
3772/8 
€ - — gi(37/8—/8) 
en 
= et(27/8) 
a etT/4 
in/8 
€ i(r/8—3T 
(d) ae /8—3n/8) 
— ei 727/8) 
- e "/4 


Solution to Activity 40 
Euler's formula gives 

e (9*2) — cos(0 + 2) + isin(0 + 27). 
Since 

cos(0 + 27) = cosÜ and 
it follows that 

(+2) — cos 9 + isin0 = e”. 


sin(0 + 27) = sin 0, 


Solutions to activities 


Solution to Activity 41 Solution to Activity 42 
For brevity, write c = cos@ and s = sin 0. Then, by (a) By the given formula for sin 0 and the binomial 
de Moivre's formula and the binomial theorem, theorem, 
s = TONS 4 1 
cos 40 + isin 40 = (cos 0 h^ sin 0) ibus. d ; ( i0 gy 
= (c + is) (2i) 
= c +4 (is) + 6c? (is)? E = (Ce)? + 3(€)2(—-e- #9) 
—8i 


+ Ac(is)? + (is)* 


id(. ,—i042 , (. ,—i043 
= cf + Aic? s — 6c? s? — Aics? + st + 3e"(—e '")* + (-e )’) 


= (c* — 6c*s? + st) + 4ics(c? — s?). = Cu See uL gue IL e 3°) 
Comparing real and imaginary parts, and using the l5 - E" mm 
identity c? + s? = 1, gives =- (e 3e" + 3e p) 
cos 40 = c* — 6c? s? + st 1 i E i E 
4 2 2 2 2 = = (3(e eae ae ?) 
= c — 6c (1 — l) + (1— c^5)(1- c^) 8i 
i — ,—i0 310 _ ,—3i0 
=é 6e quei at Py e es eae 
= 8c* — 8c? +1 4 2i 2i 
1 
= 8cos* 0 — 8cos? 0 + 1 = 4 3sin6 — sin 38). 
and 


"M (b) By the given formula for cos and the binomial 
sin 40 = 4sc(c^ — s^) theorem, 


| = Asin as 6 (cos de sin? 0), cost 8 = = (e 4 ew ivy! 
which are the required identities. 2 
(Another way to obtain the identities in this ie ((e)* Ata Pe Glet (eo)? 
activity is to apply the double-angle identities 16 "m m 
sin20 = 2sin0cosÜ and  cos20 = cos? 0 — sin? 0 i PAE e) ) 
repeatedly. For example, ES a FEM Et Ge? eT? 
sin 40 — sin(2(20)) 4 hei 97389 y ga) 
= 2sin 20 cos 20 1 5 
= 4i0 2i —2i0 | „—4ið 
= 2(2 sin 0 cos 0) (cos? 0 — sin? 6) age + 4e" +6 + 4e TU pe TI) 
-— 25 an2 1 : 
4 sin 0 cos 6(cos? 0 — sin? @).) =z (e219 + 7599) 4 A(g?i9 4 e219) 46) 
1 /c4i9 4 e-4i0 e219 4 6-210 
=p) ee | ae cg 
oe 
1 
= (cos 40 + 4 cos 20 + 3). 
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